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Abstract

We construct a discrete analogue of the integrable two-dimensional Dirac operator and describe
the spectral properties of its eigenfunctions. We construct an integrable discrete analogue of the
modified Novikov-Veselov hierarchy. We derive the first two equations of the hierarchy and give
explicit formulas for the eigenfunctions in terms of the theta-functions of the associated spectral
curve.
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1 Introduction

—= The purpose of this paper is to construct a discrete analogue of the modified Novikov-Veselov hierarchy
w—and its algebro-geometric solutions, and to describe the spectral theory of the corresponding discrete
— Dirac operator.

The modified Novikov—Veselov (mNV) hierarchy is an integrable hierarchy of equations introduced
by Bogdanov in [1], [2] as a special reduction of the Davey-Stewardson equation. The equations of
[~ the hierarchy have the form of Manakov L, A, B-triples
oL

L LA~ Bl (1)
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. where L = D is the two-dimensional Dirac operator

(5 2)(2)

and A, and B,, are (2 x 2)-matrix differential operators. The mNV hierarchy describes deformations
of the Dirac operator that preserve the zero energy level, i.e. isospectral deformations of the equation
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Dy = 0. (1.3)

The first equation of the hierarchy has the form

3 3
Uy = (uzzz + 3u,v + §uvz) + (uzzz + 3usv + §uvz) v = (u?),. (1.4)
In [3], [4] Taimanov constructed algebro-geometric solutions of the mNV hierarchy and described
the spectral theory of the Dirac operator (L2). In recent times, the mNV hierarchy and its algebro-
geometric solutions have attracted significant attention due to their applications to the classical theory
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of two-dimensional surfaces in three-dimensional Euclidean space, and in particular to the Willmore
conjecture (see the survey [5] for an extensive bibliography).
It is possible to consider a more general two-dimensional Dirac operator of the form

D:(j%i). (1.5)

The spectral theory of the two-dimensional Dirac operator (L5]) is equivalent to that of the two-
dimensional scalar Schrodinger operator in a magnetic field

H=00+Vo+U. (1.6)

The reduction of the Dirac operator (L) to the form (L2) corresponds to a reduction on the
Schrodinger operator in which the functions U and V satisty the relation

V=—0lU. (1.7)

The analytic properties of Baker—Akhiezer functions which describe general Schrodinger operators of
the form (L6l that are integrable on the zero energy level were formulated in [I0]. The reductions
on the algebro-geometric data that describe the potential Schrédinger operator (V' = 0), which is the
auxiliary operator for the Novikov—Veselov hierarchy, were found in [§], [9].

The problem of constructing an integrable discretization of an integrable differential equation is
not well-posed and does not have a universal solution. However, there are several methods in soliton
theory that allow us to construct integrable discretizations. Most of them are based on constucting a
discrete analogue of the auxiliary linear problems, which involves an appropriate deformation of the
analytic properties of the solutions of these linear problems.

In the finite-gap case, the eigenfunction of the auxiliary linear differential operator, known as
the Baker—Akhiezer function, is defined on an algebraic Riemann surface and is required to have
exponential singularities controlled by the continuous variables at one or more marked points of the
surface. To construct a discrete analogue of the operator, we replace each exponential singularity
with a pair of meromorphic singularities consising of a pole and a zero of the same order, which
we consider as the discrete variable. This deformed eigenfunction then satisfies a infinite system of
linear difference and differential equations, whose compatibility conditions are the discretization of the
original integrable hierarchy. This method was used for constructing algebro-geometric solutions of
the Ablowitz-Ladik equation [I1], [I2], which is a discretization of the nonlinear Schrodinger equation,
and for constructing Darboux—Egoroff lattices, which are the discrete analogue of Darboux—Egoroff
metrics [6].

Using this approach, Grushevsky and Krichever have given an algebro-geometric construction of an
integrable discretization of the two-dimensional Schrédinger operator (IL6). In the second paragraph,
we describe a matrix variant of this construction, which leads to a two-dimensional matrix difference

operator of the form
B T 0 a [ P
o= (52 )- (3 2)(0), 8

where the functions ; and the coefficients of the operator are functions of two discrete variables
n,m € Z, and 11, T> denote the translation operators in the discrete variables. The operator D, which
we call the discrete Dirac operator, can be considered as a discrete analogue of the general Dirac
operator of the form (L.



The coefficients of a discrete Dirac operator (L8)) depend, up to gauge transformation, on two
arbitrary functions of the discrete variables. In the second paragraph, we show that a discretization
of the algebro-geometric data corresponding to operators of the form ([.2)) leads to operators whose
coefficients depend on only one arbitrary function, namely operators of the form

T2 0 «@ /6 ’le
Dy = — , 1.9
=1 7 )- (5 ) L
where the coefficients satisfy the relation
o =1 (1.10)

In the third paragraph we introduce time dependence into the eigenfunctions and construct an inte-
grable hierarchy of isospectral deformations of the zero energy level of the operator (IL9). We call
this hierarchy, which has the form of Manakov L, A, B-triples, the discrete modified Novikov-Veselov
hierarchy.

In the fourth paragraph we derive the explicit form of the first two equations of the hierarchy
(equations (4.22)), ([4.24), (£26])). The first equation has the following form:

a¢én’lm) — \/(62<p(n—1,m+1) _ e2gp(n—1,m)) (e—2gp(n,m) _ e—2<p(n,m-i—l))7 (111)
71

where the two functions satisfy the non-local relation
p(n,m + 1) = p(n,m) = ¥(n + 1,m) — (n, m). (1.12)

In the final paragraph we give explicit formulas for the Baker—Akhiezer functions in terms of theta-
functions associated to the spectral curve.

2 Reduction of general discrete Dirac operators

Consider the following discrete linear equation

_ h 0\ ([ap v\
Dqﬂ_[(o Tl) (7 5)](%)—0, (2.1)
where ¢ = (¢1(n,m),¥2(n,m))” is a vector function of two discrete variables n,m € Z, and
a B _ ([ anm) B(n,m)
< v 0 ) - ( y(n,m)  8(n,m) ) (2:2)

is a (2 x 2)-matrix function of the discrete variables. We call D the discrete Dirac operator. We use
T1 and T5 to denote the translation operators in the discrete variables

Tif(n,m) = f(n+1,m), Tof(n,m)= f(n,m+1), (2.3)

while ¢; and ¢, will be used to denote the translated functions, so that for example T1(fg) = (t1.f)(t19).
In this chapter, we construct algebro-geometric solutions of equation (2.1]) and some of its reductions.

The main method of constructing algebro-geometric solutions of linear differential or difference
equations such as (1)) is to consider functions 1; defined on an auxiliary Riemann surface, called
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the spectral curve, and having certain prescribed singularities on that curve. Generally, to construct
solutions of difference equations, we consider functions that are meromorphic on the spectral curve
with prescribed pole singularities, while constructing solutions of differential equations requires us to
consider functions with prescribed essential singularities, called Baker-Akhiezer functions.

Let X be a smooth Riemann surface of genus g. We consider the following data on X:
Data A.

e Four distinct marked points P, P;" on X.
e Local parameters z* = (k)" defined in some neighborhoods of these points.

e An effective divisor D = v, + - -+ + 7441 of degree g +1 on X, supported away from the marked
points, which satisfies the following condition of general position:

RY(D + (n—1)Pf —nP; + (m —1)Pf —mP; ) =0 for all n,m € Z. (2.4)

To construct solutions of equation (Z1I), we consider spaces of meromorphic functions on X with
singularities controlled by the discrete variables:

Vpm = H'(D+nP —nP; +mP;f —mP;) C Mer(X), n,m € Z.
The Riemann-Roch theorem implies the following

Proposition 1 Suppose that X is an algebraic curve with data A defined above. Then each of the
spaces W, , 1s two-dimensional:

dim ¥, ,,, = h°(D +nP;" —nP +mP;t —mPy) =2 for alln,m € Z,
the intersection of two of these spaces at adjacent lattice points is one-dimensional:
dim W, ,, NV, 1 = k(D +nPl —nP; + (m—1)P —mPy) =1 for alln,m € Z,
dim W, ,, NV, 1, = h%(D+ (n — 1)P;F —nP; +mPy —mPy) =1 for alln,m € Z,
and these two one-dimensional subspaces of V,, ,,, span the entire space, i.e. their intersection is trivial:
dim W, ,, VW, 1 NV, 1 =h(D+ (n— )P —nP + (m—1)P —mPy) =0 for alln,m € Z.

Therefore, we can fix a basis i (n, m, P), 12(n, m, P) in each of the spaces W,, ,,, by letting ¢y (n, m, P)
be any non-zero element of W, ,, N ¥, ,,_;, and letting 2(n, m, P) to be any non-zero element of
\Ijn,m N \Ijn—l,m:

Y1(n,m, P) € H'(D +nP;" —nP[ + (m — 1)P;s —mPy ) — {0}, (2.5)

Uy(n,m, P) € H'(D + (n — 1)P;" — nP; +mP;s —mP; ) — {0}. (2.6)

The principal observation concerning these functions can be summarized in the following statement:



Proposition 2 Suppose that X is a Riemann surface with data A as defined above. Then there
exist functions a(n, m), f(n,m), v(n,m), §(n,m) such that the functions ¥ (n, m, P) and 1s(n, m, P)
defined by (2.0)-(2.4) satisfy the Dirac equation:
B T, 0 a(n,m) [B(n,m) Pi(n,m,P) \
D = {( 0 Ty ) B ( v(n,m) d(n,m) )] ( a(n, m, P) ) =0 (2.7)

Proof. Indeed, by construction, both ¢ (n, m+1, P) and ¢»(n+1, m, P) actually lie in the space U,, ,
hence they can be expressed as linear combinations of the basis functions ¢ (n, m, P) and ¥y (n, m, P),
which is equivalent to saying that the satisfy the Dirac equation (2.7).

Therefore, a Riemann surface X together with the additional data given above allows us to construct
a family of solutions (1, (n, m, P), yy(n, m, P))T of the Dirac equation (2.I]), parametrized by the points
P of X.

In order to construct reductions on the Dirac equation (Z71), we first express the coefficients a(n, m),
B(n,m), v(n,m) and §(n,m) in terms of the principal parts of the basis functions at the marked

points. In terms of the chosen local coordinates, the basis functions v, (n, m, P) and s (n, m, P) have
the following expansions at the marked points, where k denotes the appropriate local parameter k', :

ai (n,m)k" +O(k"™1), as P — P/
) ar(nym)kTm + Ok, as P — Py

Y1(n,m, P) = O3k, as P — P (2.8)
L az (n,m)k™™ +O(k™™ 1), as P — Py
( O(k™1), as P — P}
) bi(nym)kT 4+ O(k™"), as P— P!

¥aln,m, P) = bi (n,m)k™ +O(k™'), asP — P? (2.9)
by (n,m)k™™ + O(k~™ 1), as P — P?

\

where the a;"(n,m) and b (n,m) are functions of the discrete variables n and m. Considering the
Dirac equation (2.7)) near the marked points P", Py~ gives us the following system of equations (in
what follows, we usually suppress the indices n and m and replace them with the shift operators t;
and t5):

taal = aay, 0 = ~aj + by,
tgal_ = ozal_ + ﬂbl_, tlb;_ = (56;, (210)
0 = «a;, +fag, tib; = ~ay + by .

The functions 1), and 1, have so far been defined up to multiplication by a constant factor dependent
on n and m. We impose the following additional condition on the functions v and s:

aja; =1, byby = 1. (2.11)

It is easy to show using (2.I0) that these conditions imply the following relations on the coefficients

a? /87 /-)/7 5:
a 0 (taa])(tiby)
0—fy===—="""—=2 = +1]. 2.12
a0 =y e ai by (2.12)
Condition (2.I1]) defines the constants af and b, , and hence the functions v; and 1)y, only up to a
factor of =1 that depends on n and m. This allows us to impose the following additional condition on
the functions ¢y and s:

(t2a1 ) (t:1by) = aj'by - (2.13)
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In other words, we can choose the sign for the function vy arbitrarily, and then choose the sign for
the function 1 using the above relation. With this condition, the sign in equation ([2I2)) is positive.
Therefore, reductions (2.11) and (2.I3) impose the following relations on the coefficients of the Dirac

operator (2.7):
ad — Py =1, a=90 (2.14)

In other words, the coefficients of a general Dirac operator of the form (Z71) depend, up to gauge
equivalence, on two arbitrary functions of the discrete variables.

We now introduce a reduction under which the coefficients of the Dirac operator (2.7) depend on
only one function of the variables n, m. Suppose that, in addition to data A described above, the
spectral curve X has the following
Data B.

e A holomorphic involution o: X — X that interchanges the marked points and the local param-
eters at the marked points as follows:

o(P5) = FF, o(kf) =k . (2.15)

e A meromorphic 1-form w on X which has simple poles at the marked points PZ-i with residues
+1 and no other singularities, whose zero divisor is D + o(D), and which is odd with respect to
the involution.

Consider the meromorphic 1-form v, (n, m, P)ys(n, m,o(P))w(P). Comparing the singularities of the
three terms, we see that this 1-form has simple poles at P;” and P, with residues aib; and —a; b3,
respectively, and no other singularities. Hence, the existence of the additional data above implies that
the coefficients of the functions ¢, and 1, satisfy the following additional condition:

ajby =azby. (2.16)

Using (2.10) and (2ZI1J), it is easy to show that this condition implies the following additional relation
on the coefficients of the Dirac operator:

B =r. (2.17)
Using the involution o we can rewrite the normalization conditions (2Z.I1]) and (ZI3]) in the following
equivalent form:

G(PY (P ey = 1. (2.18)
¢2(P)¢2(U(P)>|P:P; =1, (2-19>
tat)y (P) _ tiha(P)

D1(P) |pepr  ¥2(P) |popy (2.20)

Therefore, we can summarize the result of this reduction as follows.

Proposition 3 Suppose that X is a Riemann surface with data A and data B as defined above, and
suppose the functions 11 (P) and o (P) defined by (2.3) and (2.4) satisfy the normalization conditions
(2.18)-(2.20). Then there exist functions of the discrete variables o and [ that satisfy the relation

o —pr=1 (2.21)
and such that the functions ¥1(P) and 1 (P) satisfy the discrete Dirac equation:

O 1) R —



We now construct a further reduction of the discrete Dirac equation (222)) which is the discrete
analogue of the real-valued reduction in the differential case. Suppose that, in addition to data A and
data B above, the spectral curve X has the following
Data C.

e An anti-holomorphic involution 7: X — X that interchanges the marked points and acts on the
local parameters at the marked points as follows:

T(PF) =Py, (Py)="Pr, 7(ki)=ky, 7(ky)=ki. (2.23)
e A meromorphic function f(P) on X with divisor (f) = D — 7(D) satisfying the conditions
f(PYf(r(P))=—-1forall P€ X, f(PH)f(P)=1. (2.24)

For a function f(n,m) of the discrete variables, we introduce the notation f*(n,m) = f(m,n).
Consider the two functions 5 (n, m, 7(P)) and v, (n, m, P) f(P). Both these functions are meromorphic
and lie in the one-dimensional space H'(7(D) + (n —1)Py" —nPy +mP;" — mP; ), hence there exists
a function C'(n, m) of n and m such that

wz(”% n, T(P)) = ¢1(n7 m, P)f(P)C(?’L, m) (225)
Considering this equation at P = P;" and P = P, and using conditions (211)) and (2.24)), we see that
C(n,m)? =1 for all n,m € Z. (2.26)

We recall that the function s was normalized by condition (2.11]), which specifies it up to multiplica-
tion by a factor +1 dependent on n and m. Therefore, we can choose this factor in such a way that
C(n,m) =1 for all n and m, in other words we may impose the additional following condition:

7722(7717 n>T(P)) = ¢1(n>mv P).f(P) (2'27)

Equation (2.24)) then implies that the functions 1 and 1y chosen in this way satisfy the following
relations:

"752(manv7_(P)) = ¢1(n>mv P)f(P)> "El(maan(P)) = —%(%ma P).f(P) (2'28)

Plugging these relations into the reduced Dirac equation (2.22)) gives us the following relations on the
coefficients of the operator:
of=a, ["=-0. (2.29)

We summarize the results of this reduction in the following proposition:

Proposition 4 Suppose that X is an algebraic curve with data A, B and C as defined above, and
suppose the functions 1y (P) and 1¥o(P) defined by (23) and (2.8) satisfy the normalization conditions
(2.18)-(2.20) and (2.27). Then there exist functions of the discrete variables o and [ that satisfy the
relations

-2 =1 a'=a p=-0 (2.30)

that the functions ¥y (P) and vo(P) satisfy the discrete Dirac equation:

TR R a—



3 The discrete modified Novikov-Veselov hierarchy

In the previous section, we constructed algebro-geometric solutions of the discrete Dirac operator
(2.7) and its reductions (2.22)) and (2.31]) by considering spaces of meromorphic functions ¥, ,,, on an
algebraic curve X with poles and zeroes determined by the numbers n and m. In this section, we
embed these meromorphic solutions into a family of transcendental functions, called Baker-Akhiezer
functions, and construct a hierarchy of commuting flows on the space of these functions. The set
of compatibility conditions of these flows is the discrete analogue of the modified Novikov-Veselov
hierarchy.

Let 7 = {r},72,s =1,2,...} € C® ® C* denote two sequences of complex numbers, only finitely
many of which are non-zero, which we think of as continuous time variables. We construct deformations
U, m.- of the function spaces W¥,, ,, constructed in Section 2 by considering functions which in addition

have essential singularities at the marked points controlled by the times 7.

Proposition 5 Suppose that X is an algebraic curve with data A and data B given as in the previous
section. Denote by X = X — Pi" — Py — Py" — Py the curve X with the marked points removed.
Consider the space V¥, » € Mer(X) of functions on X defined by the following conditions

1. For all Y(n,m,1; P) € VU, ,, » we have () + D > 0, where (f) denotes the divisor of f.

2. At the marked points Pf the elements (n, m,7; P) of U,, ., - have essential singularities of the
following form, where by k we denote the appropriate local coordinate k= :

Y(n,m,T; P) = exp (ﬂ: Zfslks> O(k*™) as P — PZ,

st (3.1)
Y(n,m,m; P) =exp | £ 27'ka> O(k*™) as P — Py
s=1
Then each of the spaces W, ., - is two-dimensional:
dim VU, , » = 2 for all n,m € Z, (3.2)
the intersection of two of these spaces at adjacent lattice points is one-dimensional:
dim V¥, . NV, 1, =1 for alln,m € Z, (3.3)
dim W, Vg =1 for alln,m € Z, (3.4)

and these two one-dimensional subspaces of V,, ., - span the entire space, i.e. intersection is trivial:
dim ¥, VW01 N Wy =0 for all n,m € Z. (3.5)

Proof. The proof of this proposition is a standard application of the Riemann-Roch theorem.

This proposition allows us to define functions vy (n, m,7; P) and 1y(n, m,7; P) using the same
relations as in Section 2. We observe the normalization conditions (ZI8)-(2Z20) can be applied to
elements of ¥, ,,, -, since the exponential singularities cancel out.



Proposition 6 There exist unique functions 1 (n,m,7; P) and s(n, m,T; P) that form a basis for
the vector space V,, ,, » such that

wl(na m, T, P) € \Iln,m,T N \Iln,m—l,T - {0}7 (36)

Ya(n,m, 7, P) € Uy - N,y 4 r — {0} (3.7)
and which satisfy the normalization conditions (2.18)-(2.20). These functions satisfy the discrete Dirac

equation b [( 7(;2 791 ) - ( g g )} ( Z; ) ~0 (3.8)

where a and (3 are functions of the variables n, m, and T that satisfy the condition
o — 3 =1. (3.9)

In Section 6, we give explicit formulas for the functions v; in terms of theta-functions.

We now show that these functions satisfy a system of commuting linear equations. Let R denote
the ring of functions in the variables n, m and 7. We consider the ring O = R[T}, T} ", Ty, Ty '] of finite
difference operators with coefficients in 2R, and the ring 90t of (2 x 2) matrix operators with coefficients
in 9. By ¢ we denote the column vector (v (n, m, 7; P, s(n, m,7; P))T.

Proposition 7 There exist unique matriz difference operators A’ in M

i Afs,l 0 -
AS - < 0 Ai,2 ) ) 1= 1727 (310)
Ai,j = Z fz,j,u(n7m77)ﬂuv (311)
p=—s

such that the functions 1y (n,m,T; P) and y(n,m,T; P) satisfy the following system of differential
equations:

0
or!

= AL, (3.12)

Proof. The proof is standard. For a given s we show how to construct the operator Aj , the other
cases being similar.

The derivative of the function vy (n, m, 7; P) with respect to 7! has the following expansions at the
marked points Pii, where by k& we denote the appropriate local coordinate k,i

%%(n, m,T; P) = exp (:I: ZT;k(T) -O(k*"*%) as P — PF, (3.13)
Ts o=1
d - 21.0 m—1 +
ﬁ@bl(n,mﬂ'; P) =exp ZTUI{: O™ )as P— Py, (3.14)
S o=1
a - 21.0 —-m —
%1&1(71, m,T; P) =exp | — ZTU]{? -O(k™™) as P — Py . (3.15)
s o=1



Therefore, for an appropriate choice of functions fslz M(n, m, 7), the function

~ 0 5
w(n,m,; P) = le(n,m,T; P)— Z fsl,1,u(n,m, 7)1 (n + p,m, 7; P) (3.16)
s Jy—
has the following expansions at P
U(n,m,; P) = exp (:t ZT(}/’{:“) ~O(k" Y as P — P/, (3.17)
o=1
U(n,m,7; P) = exp (i— ZT;]{?U> -O(k™) as P — P, (3.18)
o=1

and the same expansions (3.14)-(BI5) at P; as 521 (n, m, 7; P). Therefore, by (8.3) this function is
identically zero on X. Hence, the function ¢y (n, m, T; P) satisfies the system of equations (3.12]).

Proposition 8 The left ideal of matriz difference operators in MM that annihilate 1) is the principal
left ideal generated by the operator D.

Proof. Suppose that A and B are two operators in 9 that satisfy the following equation:
Ay + By = 0. (3.19)
We need to show that there exist elements C, D € O such that A = C(Ty, — o) — Df and B =
First, we multiply equation (B.I9) on the left by sufficiently high powers of 77 and T3 so that the

operators A and B become polynomial in 77 and T5. Next, we show that we can eliminate all terms
containing mixed powers of 7T} and 75. Indeed, suppose

n—1

A= Z a; TITy~" + (terms with no T)T3) + (terms of order < n),
i=1
n—1

B = Z b T Ty " + (terms with no TyT3) + (terms of order < n),
i=1

then we can write

—_

3

A

la, T{Ty (T — @) = b;T{ Ty~ 8] + (terms with no T3T») + (terms of order < n),

1=1

[y

B = (6 T{Ty (T — @) — a;T{ Ty~ "a] + (terms with no T3T») + (terms of order < n),
1

3

.
Il

and proceeding in this way, we can eliminate all terms which are not powers of only 77 or T,. Therefore,
we can assume that A = Ay (Th) + Ax(T3), B = By(T1) + By(T3), where the A;, B; are polynomials in
only T;.

10



Suppose that A; = 37" (a; T} and By = 377 ;T 7. Comparing the singularities in (I9) at the
point P;t, we see that m = n + 1. Subtracting b, 17" [(T} — )ty — B1b1] from (B19), we reduce the
degree of By, and hence of A;. In this way we can eliminate Ay, and similarly By. Therefore, we are
left with showing that if A = Ay(Ty) and B = B;(7}) are linear polynomials satisfying (819]), then
they can be expressed as A = f(Ty — a) — gfB and B = —f3 4 g(T} — a) for some functions f and g,
which can be easily shown.

Proposition 9 There exist matriz difference operators Bt in M such that the following equations are
satisfied:

— %D = DA+ B'D (3.20)

Proof. Equations (3.8) and (312) imply that

0 ; B
[atg ' D] o =0. (3.21)

Since the operator in the left hand side does not contain derivation in time, it is inside 991, hence by

the above proposition it is a left multiple of D, which proves the statement.

Proposition 10 The equations

)
oti

define a commuting hierarchy of differential-difference equations.

D+ DA =0 mod D (3.22)

We call this system the discrete modified Novikov-Veselov (dmNV) hierarchy. In the next section,
we give the explicit form of the first two pairs of equations of the dmNV hierarchy.

4 First and second equations: explicit forms

In this section, we write down the explicit form of the dmNV hierarchy corresponding to times 7{, 72,
75 and 75. We give the explicit calculations for 7], the derivations for the other times being similar.
It is difficult to write down the dmNV as they are defined in (3.22)), since this involves performing
division with remainder in a matrix algebra over a non-commutative operator ring. To circumvent this
difficulty, we notice that the discrete Dirac equation (B.8]), which is a difference equation of degree one

on the two functions ¢, and s, is equivalent to a degree two difference equation on one of the v, or

Ya.

Proposition 11 Suppose the functions 1y and 1o satisfy the discrete Dirac equation (3.8). Then the
functions Yy and 1y satisfy the following discrete Schrodinger equations

Hllpl = |:T1T2 — (tla)Tl o O‘(;lﬂ)jé + %] wl =0 (41)
HQ’QDQ = |:T1T2 — (t2a)T2 — a(tgﬁ)Tl + %] 'QDQ = 0 (42)
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Proof. This follows from excluding v or ¢ from the system (B.8]).
Conversely, we have an analogue of Proposition 3.4 for the operators H;:

Proposition 12 The left ideal of difference operators in O that annihilate v; is the principal left ideal
generated by the operator H;.

Proof. Suppose that A € O is an operator such that Ay, = 0. Then Proposition 3.4 implies that
there exist operators C, D € O such that

A=C(Ty—a)— DB, —CB+D(Th —a)=0.

Expressing C' = D(T; — a)(8)~! from the second equation and plugging it in to the first, we get that
A = D(t;8)" Hy. The case of v, is similar.

These two propositions allow us to write our hierarchy as a system of rank one difference equations
of degree two.

Proposition 13 The discrete modified Novikov-Veselov hierarchy (3.22) is equivalent to either of the
following two systems of equations

0 )
—.H1+H1Agl =0 mod Hl, (43)
or! ’
0 )
$H2 + Hy Al , =0 mod Hs. (4.4)
T b

s

We now use this approach to construct the equations corresponding to times 7, 72, 75 and 75.

The functions ¢, and vy have the following power series expansions at the marked points Pii,
where by k£ we denote the appropriate local coordinate kli

Y1(n,m,7; P) = k¥ exp <:|: ZT(}/’{:") . <Z &aln,m, T)]{Z_a) as P — PF,
a=0

o=1
Yi(n,m, 7 P) = kexp [ £ 72k | - (Y&, (n,m, 1)k | as P — Py,

! P (4.5)
Ua(n,m, 7i P) = k*" exp (i Dok | Do a(nm kT | as P — P

o=1 a=0
Yo(n,m, 7 P) = k= exp [ £ 72k7 | - [ D x3a(n.m, ﬂk‘a) as P — Py,
o=1 a=0

where the ffs(n, m, T) and st(n, m, T) are analytic functions in the variables 7, and 5;0 =0, Xf,o =0.
To make our notation consistent with (2.8)-(2.9), we denote

0 =&o b= (4.6)

¢ =& di =X (4.7)

7

Plugging these expressions into (B.8), we see that these coefficients satisfy the following system of
equations:

t2£fa = agilfa + ﬁXfa (48)
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t2£§a:|:1 = ag;?a + 6X5t,oc (49)
bXiasr = B, + aXTa (4.10)
tiXo = B0 + AXo4 (4.11)
Also, since the functions ; and 1), satisfy the normalization conditions (2.I8)-(2.20), we also have
afa; =1, biby, =1. (4.12)

~ We now derive the dmNV equation corresponding to time 7} using its equivalent form (£3). Let
f denote differentiation by 7{. We denote A}, = AT} + BT7'+ Cand Hy = )Ty + 2Ty +yTs + 2.
The equation in time 7{ has the form

—iTy — 9Ty — 2 = (IVTy + o211 + yTy + 2)(ATy + BT, ' + C) mod H;. (4.13)

First, we express all of the coefficients of the above equation in terms of the variables a;, b3, o and
(. The coefficients z, y, z of H; were found above in Proposition 4.1:

a(ti) L tj

g B
To calculate the coefficients of the operator A%,l, we use the method of Proposition 3.3. Comparing
singularities, we see that if

r=—ta, y=-— (4.14)

+ — -1+
a;y a; ty ay

then the functions ; and @b'l — ATy, — BTy ") are proportional. Hence we can determine the
third coefficient C' = f117170 by comparing these two functions at either P;~ or P, , which gives us two
alternative expressions:

1 [Oct at ay 1 [Oa; at ay
C=f = (=2 _ "t by 1 41t ) = = (222 _ 1 40+ L +as ). (4.16
hao =g <8T% naf S ) T o T T ) 0

We first these expressions by removing the coefficients a, and c¢;. From the system (ZSULII]) we get
that cf = (t;'8)(t;'65) and a; = —(3/(aby). Using t,b5 = aby, the first expression becomes

8 ' af (le)ttr'B)  tital 'y
= 2=+ — +
;'8

t'o;  taf  'f af (t3'0)(t1 'ty o)
and the second expression becomes

C

; . B_,_ + t_l+ t_l
C:fll’w:é_g__i_ a4y 15 +1f1a(1ﬁ).

B o by tiay B(ta) ay B
Expanding the right hand side of (AI3]), we get

HiAj = (it A)TETs + 2(t AT + [titaC + y(6A) T Ts + [x(t,C) + 2A] Ty +
+ [tlth + y(th)] T2 + LL’(tlB) + zC + y(tQB)Tl_lTQ + ZBTl_l.
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This expression is a Laurent polynomial in 77 and 75 whose terms have degrees ¢ and j in T} and T5,
respectively, where ¢ = —1,0,1,2 and 7 = 0,1. We need to express it as a left multiple of H; plus
an operator containing terms of degrees (0,0), (0,1) and (1,0). First, to cancel the term containing
TET,, we subtract the following left multiple of H:

(t1ta A)TLHy = (it AT, + (it A) (b)) TE + (tita A) (tiy) TV Ty + (titaA) (81 2)Th.
Using (1)), (£I5) and (8], we see that the coefficient in front of 77 in this difference vanishes:

tlaf 2 tltga,ii_
z(t14) — (hiz)(titeA) = —(tia) 5+ + (i) 57— =0

Similarly, to cancel the term containing T} 75, we subtract

toB toB toB
( 2 )T2 + y( 2 )(tl_ll’) +y(th)Tf1Tg + y( 2 )(tl_lz)Tl_l,

tBYT 'y H, =Y
uB)ILy ity ity ity

and using (A1), EI5), (EX) and the relation ([AIZ), we show that the coefficient in front of 77!

vanishes:
y(t2B)

2B —
tly

(t;'2) = 0.
Hence, we see that
HlAil = [tthC + y(tgA) — (tltgA) (tly)] T1T2 + [I(th) + zA — (tthA) (tl,Z)] Tl"‘

toB toB
+ tthB + y(tQC) - y(_21 ) T2 + .flf(tlB) + zC — y(_21 )(tl_l.ilf) mod Hl.
'y Yy
Finally, to obtain the evolution equation, we subtract [t1t2C + y(t2A) — (t1t2A)(t1y)] Hy from the right
hand side of the equation, and obtain the following equations:

—x = ZL’(t1C) + zA — (tltgA)(tlz) — X [tthC + y(tgA) — (tltgA) (tly)] s (417)
—i =B+ y(0) = LA <yl 4 yltad) - (tad) ), (4.18)
~ s =alt) + 20 - L2 ) — (1€ + ) — (it ). (4.19)

Since the coefficients x, y, z of H are expressed in terms of a and (3, which are in turn related by
the equation o? — 3% = 1, it is sufficient to find one of the derivatives, for example @. Expanding
the expression for & and using the expressions for the coefficients x, y, z and A, B, C obtained above
(using the first expression for C' in t1t2C' and using the second one in ¢;C'), we obtain the following
equation '
tiby  ay B(t.f)
tiby  tiaf o
which is the first equation of the dmNV hierarchy.
It seems natural to replace the variables a; and b5 with their logarithms, i.e. to introduce new
variables af = e? and b = e¥. Since a = tyaf /af = t1b5 /bF, these variables are related by the
equation

: (4.20)

bap — =t — . (4.21)
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Writing the evolution equation (A20) in terms of these new variables, we get

0_¢ _ <€2t;1t2<p _ e2tf1<p> (e=20 — e=2t2¢) (4.22)
ori

To derive the evolution equation for time 7, we use its equivalent form (44). The calculations
in this case are identical to those performed above. In fact, since our problem is symmetric with
respect to exchanging the marked points Pli and Pzi, we can obtained the desired equation simply by
exchanging the functions a] and by and simultaneously exchanging the shift operators ¢; and ¢, in the
evolution equation in time 7} (£22)). This gives us the following equation:

taay  B(t23) by

= . 4.23
tgaii_ tQOé tgb;— ( )
In terms of the logarithmic variables, this equation reads
0 _ _
8_:12 _ \/<62t1t2 L p2t; Hp) (=20 — e=2010) (4.24)

The derivation of the equations for times 75 and 7 involves similar calculations. For time 73, we
use the equivalent form (4.3)):
0H,
oty
Here Ay; is a Laurent polynomial in 77 with terms of degree —2 to 3. As above, we successively
subtract appropriate left multiples of H; to cancel the terms containing T}Ts for i = 3, —2,2, —1. At
every step, the corresponding 7} term vanishes. Finally, canceling the Ty T, term gives us the following
equation:

= H, A}, mod H,. (4.25)

Wby _ BB 1 4 BB af o, BES) of | alti'B)(Lf)t el

= — tic] + , 4.26
tiby  ta tial 1t (tal)(Bal) T (ta)(Ba) Baf tia tia; (4.26)
where the functions af, b5, ¢, a and 3 in the equation satisfy the following relations:
tral by _ _
SN o1 bt a4 BB (.27
1 2

5 Explicit formulas

In this section we give explicit formulas for the functions v;(n, m, 7; P) in terms of the theta-functions
of the surface X. Choose a basis a;, b;, j = 1,..., ¢ of Hi(X,Z) with canonical intersection form, i.e.
such that ajoa; =0, bjob, =0, a;ob; = d;;. Let B be the period matrix of the curve X with respect
to this basis. Let Q! and Q) denote Abelian differentials of the third kind with poles at P and Pj":

Q = d(k) (Fk7 +0(1)) as P — P

7

which are normalized to have zero periods over the a-cycles. Let €2f denote Abelian differentials of the
second kind with poles at P and principal parts

Qf = d(ki) ™ (Fs(ki) +O(1)) as P — PF,

7
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and with zero a-periods, and which are odd with respect to the involution o. It is a standard fact that
these differentials exist and are unique. Let U}! and UF denote the vectors of the b-periods of these

differentials: | )
Ql U?);, = — Q3.
2mi b, (U7); 2mi Jy,

(Ui1>J =

Choose a base point Py € X away from the marked points PZ-i and the divisor D, and let A : X — J(X)
denote the Abel map with base point B, where J(X) is the Jacobian variety of X. Let §(z|B) denote
the theta function of J(X) for z € CY. Introduce the functions

r(P) = O(A(P) — A(Py) = 320, A(P) — K|B)I(A(P) — 3277 A(P) + A(Py) — K|B)
O(A(P) — X0 A(P,) — K|B)I(A(P) — 3271, A(P) — K|B) ’
ro(P) = O(A(P) — A(P) — XL, A(P) — K|B)O(A(P) — 33 A(P) + A(PY) — K|B).

O(A(P) = Y20, A(P) — K|B)#(A(P) — 0%, A(P) — K|B)

By construction, these are meromorphic functions on X whose pole divisor is D = ZQH P, and whose
zero divisors are Py" 4+ Dy and P;" + Dy, respectively, where D; and D, are some divisors of degree g.
We define the functions ¢, and v by the following formulas:

)

P
vi(n,m,; P) = r;(P)Cs(n,m, 7)F;(n,m, ; P)exp [n/ Q) +m Ql + Z Z /
Po

s=1 =1

where the function F'(n, m, T; P) is defined as

co 2
0 (A(P) — A(D;) +nU}! +mU)} + Z Z T;'U;>
s=1 =1

Filn,m, 73 P) = G(A(P) — A(D,) — K)

and the path of integration in the exponent is the same as in the Abel map in F;. By construction,
these are single-valued functions on the curve X, having the required meromorphic and exponential
singularities at the marked points, and having pole divisor D away from the marked points.

The constants C;(n, m,7) are determined by the normalization conditions (2.I8)-(2.20). Choose
paths of integration v; : [0,1] — X from Py to P;" and a path v from Py to o(F). We assume that the
integration path in ¢;(P) is 7; and that the path in ¢;(c(P)) is 7y followed by the image of ; under o.
Writing out the expression for ¢;(P)y;(o(P)) using (B.1I), we see that we need to choose the constants
Ci(n,m, ) as follows:

W (P (PO Ey(nm, 71 P Ey(n, m, 7 P) exp
7 9 y T

)

(5.2)

n[1+m12+22 /Q

s=1 i=1

where the path of integration in the Fj(n,m,; P;") factor is 7 followed by o(v;), and the constants I}
and I? are the principal values of the integrals of ] and Q% along the path —; + v + o(v):

v(t) o(y(t)
I,.’f:yn} / Qk+/Qk—|—/ k=1,2. (5.3)

Finally, we choose the signs of C;(n, m, T) in such a way that the functions 1; satisfy the equation

2.20).
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