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The Poisson bracket

Definition
A Poisson bracket on a smooth manifold M is a bilinear map
{-,-}: C®(M) x C®°(M) — C>*(M)
which is skew-symmetric and satisfies
{f,. 5182} = {f,;1}82 + &{f, g2}
{f {a, 8} = {{f.&1}. &} + {&1,{f, &2}}

Equivalently, 7 € X2(M) is a Poisson bivector if:
[m,mlsy =0 or Vfe C®(M): Lxm=0
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Properties of Poisson structures

Let (M, ) be a Poisson manifold. Then (M, ) admits

» a foliation F via
TF=Im(z*: T*M — TM)

Leaves are even dimensional and symplectic
> a Lie algebroid structure T*M := (T*M, [-, ], 7*) where

[avﬁ]ﬂ = Ewﬁa B - ‘C’ﬂﬁﬁ o — dﬂ-(aa/ﬁ)

» Poisson cohomology via
dy = [m, ] : X5(M) = £TY(M)
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0. trivial: # =0
1. symplectic: (7¥) 1 =w’: TM — T*M
2. linear: On a finite dimensional vector space g:
Lie algebra structures 1:1 [ linear Poisson structures
—
[-Jong g on g*
The correspondence is given by:

To(£)(X1, X2) = (£, [X1, Xz])  where £ € g, X1, X2 € g

F. Zeiser Linearization of Nambu structures October 5, 2024 6/24



The question of local normal forms

Weinstein splitting theorem ('83)

Locally around p € M:
(M77T7 p) = (S,WS = ws_17p5) X (Taﬂ-TapT) with WT(PT) =0

Let p € M with 7(p) =0
[dp fi,dp o] :=dpm(dfi,df) for fi,fr € CZ(M)

(g5 = TpM, 7y, ) is the linear approximation of 7 at p

Is 7 linearizable at p € M, i.e. does there exist a local isomorphism
o: (M7, p)— (Tpl\/l,ﬂ'gp,O)?
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Linearization

Definition
> A Lie algebra g is called Poisson non-degenerate, if the answer is
yes whenever g, ~ g

> otherwise g is called Poisson degenerate

Theorem (Weinstein '83):

Any semisimple Lie algebra g is formally Poisson non-degenerate.

Theorem (Conn '84):

Any semisimple Lie algebra g is analytically Poisson non-degenerate.

F. Zeiser Linearization of Nambu structures October 5, 2024 8/24



Linearization - C* case

Let g be a semisimple Lie algebra ~~ lwasawa decomposition of g:

g=t®adn
] Lie algebra g \ dima \ \ \
sl(2,R) ~ su(1,1) 1 X Weinstein '83
Conn '85 ,
9=t eg so(n), su(n) 0 Crainic & Fernandes '11
T
2 < dima, q X Weinstein '87

e.g. so(p,q) with2<qg<p
dima =1 & & not semisimple 1 X Monnier & Zung '05
e.g. su(n, 1)
s0(3,1) ~ s[(2,C) 1 v Marcut & Z. '21
dima =1 & t semisimple
e.g. so(p,1) with 4 <p
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Poisson degeneracy for sl(R)

For g = slx(R) :
Tsly(R) = —X‘a,ax1 VAN 8X2 + x18X2 A (9)(3 + X2(9X3 A 6X1
The associated foliation is described by

1
f(X17X27X3) = E(X]? + X22 - X§)

f
= Trs[z(R) + %8, A 8X3

is not linearizable for g € C*°(R):

7 > O If X > O
g(x)
=0 else.

The level sets of f ’
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The Nambu bracket

Definition

A Nambu bracket of order g on a smooth manifold M is a g-linear map
{..iy:}: C¥(M) x -+ x C®(M) = C=(M)

which is skew-symmetric and satisfies

{fb . q 1 gng}_{f17 . afq—lagl}g2+g1{ﬁa"'afq—lagz}

{ﬁ.a""fq—lv{gla'-'agq}}: Z{gb . {ﬂ’ q 1, gl} “7gq}
i=1

Equivalently, I € X9(M) is a Nambu vector if:
Vh, .o fg1 € C(M): Lx, . M=0
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Properties of Nambu structures

Let M € X9(M) be a Nambu structure. Then (M, 1) admits

» a foliation F via
TF=Im(Mf: AT7IT*M — TM)

Leaves are zero or g dimensional

> a Leibniz algebroid structure (A9~ T*M,[-,-]n, ") where
[, Bln = Lz B+ (=1)"n(d )8

» Leibniz cohomology
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0. trivial: =10
1. orientation: 0 # 1 € X™(M)

2. linear: On a finite dimensional vector space §:

{Filipov algebra structure } {Iinear Nambu structures }
[,...,]onF Mz on §*
given by:
NE) (X, ..., Xg) = (&, [X1, -, Xql)

where £ € §* and Xi,..., X5 € §.
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The question of local normal forms

Alekseevsky & Guha '96, Gautheron '96, Nakanishi '98

For g > 3, I € X9(M) is Nambu iff for all p € M with M(p) # 0 there are
coordinates (xi, ..., Xm) such that

M=0g A Ay

Let p € M with M(p) =0
[dpfi,....dpfgl :i=dpN(d f,...,dfg) for f1,...,fg€ C(M)

Definition

(S;‘, = T,M, I'Igp) is the linear approximation of I1 at p

Is 1 linearizable at p € M, i.e. does there exist a local isomorphism

®: (M,N,p) = (T,M,Mg,,0)?
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Nambu structures via forms

Dufour & Zung '99

Let (M™,Q) be an oriented manifold. Then N € X9(M) is Nambu iff
w = 1nQ satisfies for all P € X™~9-1(M):

tpw Aw =0 and tpw Adw =0 (1)

Definition
We call w € Q¥(M) an integrable differential form (IDF) if (1) holds.

» IDFs induce a singular foliation.

» IDFs have been extensively studied in the literature (Reeb '52, Kupka
'64, Medeiros '77, Moussu '76 & '83, ..)
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Classification of linear Nambu structures

Dufour & Zung '99, Medeiros '00

Let V™ be a vector space and w € QP(V) a linear IDF. Then there are
linear coordinates on V such that w is of one of the following two types:

> Type 1:

ptr s
w=dxg A---Adxp_1 Ad(Z:t)<J-2+Zx;xp+,+;)
Jj=p i=1
with —1<r<m-pand0<s<m-p-—r,;
> Type 2:
p+1 p+1

w:Za;dxl/\---/\d/;,-/\---/\dpo where a,-:Za{:xj
i j=1

and (a{) in Jordan normal form.
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Linearization

Dufour & Zung '99

Type 2 singularities are linearizable under a non-resonancy condition.

Definition

We call p € M with IM(p) = 0 a nondegenerate singularity if an
associated linear IDF is of Type 1 with quadratic function

m
f = Z :I:xj2.
Jj=p

Dufour & Zung '99, Zung '13

Let p € M™ be a nondegenerate singularity of 1 € X9(M), then:
» [1is formally linearizable at p.

» [1is smoothly linearizable at p if the signature of f is not (2, %) or
(%, 2).
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Non-Linearization

Let f be the Morse function on R given by
m

f=x?+x3— Zx,z
i=3

Then the integrable differential form

g(f)
X12 + X22

is not linearizable for g € C*°(R) with

d@{>o if x>0

o =df + (xodx1 — x1dxp)

=0 else.
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The statement

Let [T be a Nambu structure on M™ of order m — 1 with m > 3 and

p € M such that MN(p) = 0. Assume p is nondegenerate and there exists a
volume form Q around p € M such that

dLnQ =0. (2)

Then I1 is linearizable at p.

Corollary

Let 7 be Poisson structure on M3 which is unimodular locally around a
zero p € M with g, ~ sl>(R). Then 7 is linearizable around p.
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The proof

Colin de Verdiere & Vey '79
Let 2 be a volume form on R™. Given a smooth function g and a Morse
function f on R with

Jog = it
there exists a smooth function h and a diffeomorphism ¢ locally around O:
(f, h(F)Qsta) = ¢7(g,92).

Strategy of the proof:
1. By (2) there exists g smooth with
dg =nf2
2. Applying the result above implies
M= h(f)M;.
Thus we can use a Moser argument.
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» Can we obtain similar results for singularities of Nambu structures on
M™ of order different from m — 17

» Can we find similar results for linear Poisson structures of semisimple
Lie algebras with real rank 1 and non-semisimple compact part?
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Thank you for your attention!
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