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Goals & Motivation
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Goals

Based on joint work with:
@ Rajan Mehta and Molly Keller (Rev. in Math. Phys (34) 10

(2022))

@ Mehta, Adele Long and Sophia Marx ( Contemp. Math, AMS
(2024))

@ Mehta and Walker Stern (Journal of Geometry and Physics
(2024))

Objectives of the Talk

© Frobenius algebras & Poisson Sigma Model: 2D TQFT and
symplectic geometry

@ A toy model of the Wehrheim-Woodward construction

© The 2-Segal picture: Frobenius and commutative
pseudomonoids in Span, as paracyclic and [-structures on
2-Segal sets.
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Motivation
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@ Correspondence between 2D TQFT and commutative
Frobenius algebras

© An intermediate step in quantization:
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The Poisson sigma model
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The symplectic category

o Objects: Sympleoch ¢ Manitoldn (M, w)

@ Morphisms: Lasfangy an Kela frony [ Gor ruPomfcncq
L: M= N (L eMxN )
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o Issue: Composihon only pathally Jeyined (sfrong ?-rov\ru)J

@ Possible solution: INehy heim - WooJumm] '0%

Wehrheim-Woodward's Construction '07
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What happens in Set?
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Theorem (Li-Bland, Weinstein '14)

WW (Rel) = Span

@ Idea: Span is a good set-theoretic model for Symp.

@ Question: Can we study TQFTs with values in Span?
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Frobenius Objects in C

Let C be a monoidal category.

A Frobenius object in C is an object X € Ob(C) and the following

morphisms: il e
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Frobenius Objects Il

A Frobenius object is special if

Some results about Frobenius objects

@ (3 is unique: @:: @

@ (comultiplication): W . (\(\ )\

@ The natural co-unitality/co-associativity follows.
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Classification of Frobenius objects

Theorem (Dijkgraaf '89—Abrams '96)

Commutative Frobenius objects in C +— C-valued 2D TQFTs
where

C-valued 2D TQF Ts=symmetric monoidal functors 2Cob — C

Theorem (Cattaneo,C-,Heunen '13)

Special Frobenius objects in Rel— Groupoid objects in Set

Here, Rel is considered as a dagger symmetric monoidal category.
Also, one can recover topological invariants of surfaces via

Homc(IL, Il) Z é /*r\
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What happens when C=Span’

o Monoidal structure: ('ax tesion Peodomel
e Monoidal unit: i’ﬁi

o Homc({e},{e}) = {iso-classes of sets}={cardinalities }

Theorem (C-, Keller, Mehta '21)

Frobenius objects in Span +— simplicial sets X, with conditions
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Conditions on the simplicial sets |

o (Unitality):

X2
/ 83 (d3 l,d%)/ di
\ \ .

° X1 X1 XX1

Lemma (C-, Keller, Mehta '21)

Let X, be a 2-truncated simplicial set. The unit axiom holds if and
only if for all { € X5

(1) Ifd3¢ € im(sy), then ¢ € im(s3)
(2) Ifdg¢ € im(sy), then ¢ € im(st)
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Conditions on the simplicial sets |l

@ (Associativity): We introduced the notion of (i, )— taco:

TiX = {(¢,¢) € X2 x Xao|d? ;¢ = d?('}.

A (13)-+oco-
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Conditions on the simplicial sets Ill

Let SX = {(X01,X12,X23,X03) - (X1)4 such that

1 1 1 1
d0X01 = dl X12, d0X12 — d1 X23,

1 1 1 1
dyx23 = djyX03, di x03 = dixo1}-

Lemma (C-, Keller, Mehta '21)

Associativity holds if and only if there is a bijection Togo X = T13X
that commutes with the boundary maps to SX.

The boundary maps 0ys : TooX — SX and 0y3 : Ti3X — SAX are defined by

602(C, CI) pors (d%C,’ d347 dgC? d%C,),
613(¢,¢") = (d3¢’, d3¢’, dg¢, di ).
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Diagrammatics
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Theorem (C-, Keller, Mehta 21)

These maps come from a (truncated) simplicial set structure

MC;\ .
e X )t
&

These conditions are related to the axioms of 2-Segal sets!
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Group G — nerve of G: Gre

(Twisted) co-units: n

Theorem (C-, Keller, Mehta '22)

It G is finite and abelian, >, is a closed surface with genus g:

[ G| ifwE=w
2(xg) = { 0 otherwise
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Recent Work: 2-Segal picture

Theorem (Stern '21)
@ Pseudomonoids in Span, <— 2-Segal sets.

@ C(alabi-Yau objects in Span, (categorified symmetric
Frobenius) «+— cyclic 2-Segal sets.

Question: What about Frobenius pseudomonoids?

Definition (The bicategory Span,)
e Objects: Sets
@ Morphisms: X

@ 2-morphisms: 5 Ak 3
/ )
B

(3
L
L
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Pseudomonids and 2-Segal Sets

Definition (Pseudomonoids)
Let (C,®, /) be a monoidal bicategory. A pseudomonoid in C is:
@ an object X
@ Morphisms: . : T— X (ynih)
M XOK — X (muel Hpi eonon )

@ invertible 2-morphisms: : Yo ' —y Yo (jdy @ M)
g : C((c\s/:o (mélm?};ﬁ)ﬂ D}i e

'.Q’}.{°(V\@ldx)—__—__§ l’d% o (: B(id @Vl f_?d
(legh vn{R¢) (/:4“3\,\\_ Yuﬂ”;_\” 3 ' Ay
satisfying coherence conditions.

y

A pseudomonoid in Caty is a monoidal category. \
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String Diagrams

We'll use string diagrams to denote the unit and multiplication:

T N

Then a, £ and r are shown as morphisms of diagrams:

Y e

The main coherence condition Is the pentagon equation
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The lowest 2-Segal condition

Consider the “taco maps”

(do,d2)
T02 :X3 —)XQ X X XQ,

(do,d2)
7'132X3 ——)XQ X X4 XQ.

The lowest 2-Segal condition says that these two maps should
be isomorphisms. The associator is a7 -

These maps correspond to the two triangulations of the
square:

2 3 2

7 3\
Out///:;é7ii///2 Out\\\iiié::\\\ 2

1 0 1
1
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Frobenius Pseudomonoids

- A Frobenius pseudomonoid in C 1s a pseudomonoid X
with a counit morphism e : X — I such that the pairing
a:=copu: X ®X —II1snondegenerate.

- In Span,, a pairing Is nondegenerate when it Is

Isomorphic to

X x x J9 x

for some automorphism¢: X — X.

- Compatibility conditions = t extends to a paracyclic
structure on X,.
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Paracyclic Sets

- A paracyclic set 1s a simplicial set X,, equipped with
automorphisms t" : X,, — X,, such that

’
n—1_n :
d%”—{t diiq, t<mn,
e =
n y
%0 e
( 11
n n 5
o Vs, 1<,
Sit =
G =
\

Theorem (C, Mehta, Stern '23)

Frobenius pseudomonoids in Span, +—> paracyclic 2-Segal sets.
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*(Ocovpoids and Bisechomd
- Let G1 = G be a groupoid. Let w C G4 be a bisection.

+ The nerve G, Is paracyclic with

t(glv c e 7.971) = (927 e ooy 9n, (gl o 'gn)_lw)'

- It is cyclic iff w is central, i.e. wlgw = g for all g € G;.

*'?CH Jﬁc& ac’Jf[’)’of[
- For fixed N € N, write [N] ={0,...,N}. Thisis a partial
monoid under addition. (Not a groupoid!)

- The nerve has

U — {(al,...,an) e [N]": Zai < N}.
- It is cyclic with

t(a,...,an) = (ag,...,an, N —ay — -+ — ay).
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Commutativity and [-structures

Let &, denote the category of finite pointed cardinals (i.e. the
skeleton of the category Fin, of finite pointed sets). A I-set is a
functor &, — Set.

A [ -set is equivalent to a simplicial set Xo, equipped with an action
of S, on X, for each n, with extra compatibility conditions.

Theorem (C, Mehta, Stern '23)

Let X, be a 2-Segal set. There is a one-to-one correspondence
between [ -structures on Xo and equivalence classes of commutative
structures on the corresponding pseudomonoid in Span.

v
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Thank youl



