
POLARIZATION IDENTITIES

CHASE BENDER AND DEBRAJ CHAKRABARTI

Abstract. We prove a generalization of the polarization identity of linear algebra ex-
pressing the inner product of a complex inner product space in terms of the norm, where
the field of scalars is extended to an associative algebra equipped with an involution, and
polarization is viewed as an averaging operation over a compact multiplicative subgroup
of the scalars. Using this we prove a general form of the Jordan-von Neumann theorem
on characterizing inner product spaces among normed linear spaces, when the scalars
are taken in an associative algebra.

1. Introduction

1.1. Motivation. The goal of this article is to present a general version of the polarization
identity of elementary linear algebra. This well-known identity takes the form

xx, yy “
1

4

´

}x` y}2 ` i }x` iy}2 ´ }x´ y}2 ´ i }x´ iy}2
¯

, i “
?
´1, (1.1)

for vectors x, y in a complex inner product space, where the inner product is denoted
by x¨, ¨y and the induced norm by }¨}. The identity has very important applications in
classical Hilbert space theory (e.g. [JvN35, Hal51]). This paper takes the point of view,
not unknown in the literature (see [You88, p. 12, Problem 1.10] and [D’A02, pp. 53–54]),
that this identity is an instance of a fundamental and ubiquitous process in mathematics,
that of averaging over a group (a.k.a. Haar integration). From this point of view, (1.1) is
really saying that

xx, yy “

ż

G
}x` gy}2 gdg, (1.2)

where G “ t˘1,˘iu is the four element cyclic group of complex fourth roots of unity,

and the integral is that of the complex valued function g ÞÑ }x` gy}2 g on the compact
group G with respect to the Haar measure of G, normalized to a probability measure.
Our generalization of (1.1) (Theorem 1.1 below) will replace the field of complex numbers
by an associative algebra A over R equipped with an involution, the inner product with
a general Hermitian form, the group G with a compact multiplicative group of unitary
elements of A (where an element of A is unitary if the involution maps it to its inverse).

Several authors have considered the natural problem of obtaining polarization identi-
ties for Hermitian forms over scalars other than R or C. In [Jam70, page 75, Theorem
5] Jamison obtained a polarization identity over the R-algebra of quaternions (and the
nonassociative algebra of octonions). In [GR93] Giarrusso and Romano obtained a polar-
ization identity over Clifford numbers. The question has also been studied by Waterhouse
([Wat95]) from a purely algebraic perspective for involutive algebras over very general
commutative rings.
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Our results here have interesting intersections with the generalized polarization identi-
ties obtained by these authors, but emphasize the role of averaging over a group as a key
feature of the polarization process of recovering a Hermitian form from its restriction to
the diagonal. We also restrict ourselves to algebras over the real numbers R, first, to take
advantage of classical integration theory, and second, because of the application to a gen-
eralized Jordan-von Neumann theorem (see Theorem 1.3 below). However, it is clear that
ideas and results of this paper make sense over other fields, and it would be interesting to
look at such generalizations.

1.2. Polarizable algebras and polarizing subgroups. Let A “ pA, ˚q be a real in-
volutive algebra, by which we mean a finite dimensional unital associative algebra over R
equipped with an anti-automorphism A Ñ A, α ÞÑ α˚ of order two (the involution), i.e.,
the involution is R-linear, pαβq˚ “ β˚α˚ and pα˚q˚ “ α for α, β P A. The multiplicative
identity of A will be denoted by 1A (or simply 1 if confusion is unlikely). We also call real
involutive algebras ˚-algebras for short, and these ˚-algebras will replace the field C in the
generalized polarization identity.

Thought of as a finite dimensional real vector space, a ˚-algebra A has a natural linear
topology in which the algebraic operations are continuous. We will always endow A with
this topology, and its subsets with the induced subspace topology. Then the group Aˆ

of units of A is a locally compact topological group. If G is a compact subgroup of Aˆ,
then G is a compact topological group, and therefore admits a (simultaneously left and
right invariant) Haar measure. which will be always normalized to a probability measure.
Given a function f : GÑ V taking values in a finite dimensional real vector space V , we
can define the integral with respect to Haar measure of f , which we will denote by

ż

G
fdg or

ż

G
fpgqdg (1.3)

and can be defined invariantly as the unique vector in the space V satisfying the condition

φ

ˆ
ż

G
fdg

˙

“

ż

G
pφ ˝ fq dg (1.4)

for each linear functional φ : V Ñ R, the integral on the right being the classical integral of
a real valued function on G with respect to Haar measure. The existence and uniqueness
of the integral in (1.3) is easily established by choosing a basis of the vector space V and
working in the corresponding coordinates.

An element u P A will be said to be unitary if we have uu˚ “ 1A, and the collection of
all unitary elements

ΓpA, ˚q “ tu P A : uu˚ “ 1Au, (1.5)

will be called the called the unitary group of the algebra pA, ˚q. It is therefore a locally
compact topological group, and generalizes the circle group t|z| “ 1u in C.

We will say that a closed subgroup G Ă ΓpA, ˚q generates the ˚-algebra A if A is the
smallest ˚-subalgebra of A containing the group G. It is clear that ΓpCq “ t|z| “ 1u
generates C. Notice that since G is closed under the operations of multiplication and
involution of A, it follows that G generates A if and only if

spanRG “ A

i.e. G generates A also as a vector space. We now make the following definition:
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Definition 1.1. Let pA, ˚q be a ˚-algebra. We say that pA, ˚q is polarizable if the unitary
group ΓpA, ˚q is compact and generates A.

Polarizable algebras will replace the complex numbers in the general polarization iden-
tity (1.8) below. A key property of polarizable algebras is that a version of Maschke’s
theorem holds for them, showing that they are semisimple and leading to a complete clas-
sification of these algebras under an appropriate notion of equivalence (see Theorem 1.2
below). We now introduce the groups which will replace, in the general polarization for-
mula, the group G of 4-th roots of unity that appears in (1.1) and (1.2):

Definition 1.2. Let pA, ˚q be a ˚-algebra. A compact subgroup G Ď ΓpA, ˚q is said to be
polarizing if G generates A as an algebra and

ż

G
gdg “ 0, (1.6)

where the integral is that of the inclusion function g : GÑ A of the group G in the vector
space A, and the integral is taken with respect to the (bi-invariant) Haar measure.

The following facts shed some light on the notions introduced in Definitions 1.1 and 1.2:

(a) In a polarizable algebra pA, ˚q, the unitary group ΓpA, ˚q is polarizable. The condi-
tion (1.6) is satisfied for ΓpA, ˚q since ´1A, the negative of the identity of the algebra A,
automatically belongs to ΓpA, ˚q, so we have by Haar invariance:

ż

ΓpA,˚q
gdg “

ż

ΓpA,˚q
p´1Aqgdg “ ´

ż

ΓpA,˚q
gdg. (1.7)

(b) We will see below that (1.6) is satisfied for many groups G (Proposition 3.2).
(c) On the other hand, as soon as a ˚-algebra has a polarizing subgroup (or even a

compact subgroup of the unitary group that generates the algebra), it is polarizable (see
Proposition 2.4 below).

(d) Finally, each polarizable algebra admits a finite polarizing subgroup (see Propo-
sition 5.3) below. It follows that the polarization process is always possible in terms of
algebraic formulas such as (1.1) rather than integral formulas such as (5.3), where the
integral is over a Lie group of positive dimension.

1.3. Generalized Polarization identity. Let pA, ˚q be a ˚-algebra and let X be a left
A-module. By an (A-valued) Hermitian form on X we mean a map Q : X ˆ X Ñ A such
that for x, y, z P X, α P A we have

Qpx` y, zq “ Qpx, zq `Qpy, zq, Qpαx, yq “ αQpx, yq, and Qpx, yq˚ “ Qpy, xq.

Then we have the following:

Theorem 1.1. Let pA, ˚q be a polarizable ˚-algebra. Then there is an element κ P A such
that whenever X is a left A-module and Q : XˆXÑ A is a Hermitian form, then we have
the polarization identity

Qpx, yq “ κ

ż

G
qpx` gyqgdg, x, y P X (1.8)

where qpxq “ Qpx, xq, G Ă ΓpAq is a polarizing subgroup, and the integral is that of an
A-valued function on G with respect to the normalized Haar measure.
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We emphasize that in Theorem 1.1, the constant κ depends only on the (polarizable)
˚-algebra pA, ˚q and not on the particular polarizing group G. This element κ “ κpA, ˚q
will be called the polarization constant of pA, ˚q, and in Theorem 1.2 below we show how
to compute it.

1.4. More definitions and constructions related to ˚-algebras. Before we proceed
further, we collect a few definitions.

(1) If pA, 7q is a ˚-algebra, there is a natural way to define an induced involution on the
matrix algebra MnpAq by setting

A ÞÑ pA7qT , (1.9)

where A7 is the matrix obtained from A by applying the involution 7 to each entry, and
BT is the transpose of the matrix B. We call this involution on MnpAq the involution
induced by 7.

(2) Each of the real division algebras D “ R,C,H has its own standard involution
traditionally called a “conjugation”, which is the identity for R, the complex conjugation
for C and the quaternionic conjugation

a` ib` jc` kd ÞÑ a´ ib´ jc´ kd (1.10)

for H. We denote the conjugation operation in each case by z ÞÑ z, following the standard
convention. The involution induced by the conjugation map on D on the algebra MnpDq
will be called the “conjugate-transpose” involution of MnpDq. We will see later that MnpDq
has many other involutions apart from the conjugate-transpose (see Proposition 2.2 below).

(3) In the category of involutive algebras, a morphism is called a ˚-homomorphism:

φ : pA, ˚q Ñ pB, 7q

where φ is a homomorphism of unital associative algebras, and preserves the involution,
i.e.

φpα˚q “ φpαq7.

It is clear what is meant by a ˚-isomorphism, or a ˚-subalgebra.
(4) Given a finite collection tpAj , ˚jq, 1 ď j ď Nu of ˚-algebras, we define its ˚-direct

sum be the direct sum
ÀN

j“1 Aj equipped with the “direct sum involution”

pα1, . . . , αN q
˚ “ pα˚11 , . . . , α˚NN q, αj P Aj , 1 ď j ď N.

1.5. Polarization constants. We now determine the structure of polarizable algebras
and use it to compute the polarization constant of an algebra:

Theorem 1.2. Let pA, ˚q be a ˚-algebra. Then pA, ˚q is polarizable if and only if there is
a ˚-isomorphism

φ :
N
à

j“1

pMnj pDjq, ˚q Ñ pA, ˚q, (1.11)

where in the left is the ˚-direct sum of a a finite number of matrix algebras over real
division rings, each endowed with the “conjugate-transpose” involution. The polarization
constant of pA, ˚q is

φ

ˆ

n1δ1

pn1 ´ 1qδ1 ` 2
In1 , . . . ,

njδj
pnj ´ 1qδj ` 2

Inj , . . . ,
nNδN

pnN ´ 1qδN ` 2
InN

˙

, (1.12)
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where δj “ dimRpDjq “ 1, 2 or 4 denotes the dimension of the division algebra Dj as a
real vector space and Inj is the nj ˆ nj identity matrix of MnpDjq for 1 ď j ď N .

The fact that a polarizable algebra such as pA, ˚q has the above structure (i.e. it is
semisimple) allows us to understand the module X and Hermitian form Q of Theorem 1.1
in terms of A (see [Lam01]). Since the precise structure of the module X does not play
any role in the polarization phenomenon of Theorem 1.1, we do not discuss this further.

1.6. Generalized Jordan-von Neumann-Jamison theorem. The Jordan-von Neu-
mann theorem ([JvN35]) solves the problem of geometrically characterizing inner product
spaces among normed linear spaces over C or R: the norm of a normed space pX, }¨}q arises

from an inner product (i.e., there is an inner product x¨, ¨y on X such that }x} “
a

xx, xy
for each x P X) if and only if the parallelogram identity

}x` y}2 ` }x´ y}2 “ 2
´

}x}2 ` }y}2
¯

(1.13)

holds for all x, y P X. In [Jam70], the field of scalars was already extended to the quater-
nions (and octonions.) Here, we will prove a generalization to Hermitian forms over
polarizable algebras. The case of quaternionic scalars was proved in [Jam70].

The analog of the map x ÞÑ }x}2 occurring in formulas such as (1.1) and (1.13) in the
situation of non-commutative scalars from A will be called a quadrance, i.e., a “squaring”,
a name inspired by the unorthodox work of Norman J. Wildberger [Wil05].

Definition 1.3. If pA, ˚q is a ˚-algebra, and X a left A-module, a map q : XÑ A is called
a quadrance on X if

(1) qpxq “ qpxq˚ for all x P X
(2) qpαxq “ αqpxqα˚ for all x P X, α P A
(3) For x, y P X the map Rˆ AÑ A given by

pλ, αq ÞÑ qpλx` αyq (1.14)

is continuous.

Notice that the square of a norm on a real or complex vector space is obviously a
quadrance. In this case, the vector space acquires a norm-topology, in which the norm is
continuous, by the “reverse triangle inequality” |}x} ´ }y}| ď }x´ y}, which is an imme-
diate consequence of the “triangle inequality” }x` y} ď }x} ` }y} postulated on norms.
Notice that we have not endowed the module X with a topology, but we impose the con-
tinuity condition (1.14) on a quadrance q. We show below in Proposition 4.1 that the
restriction of a Hermitian form to the diagonal is a quadrance. Conversely we have the
following generalization of the Jordan-von Neumann theorem to non-commutative scalars:

Theorem 1.3. Let pA, ˚q be a polarizable ˚-algebra, let X be a left A-module, and let q be
a quadrance on X. Then there is a Hermitian form Q on X such that qpxq “ Qpx, xq if
and only if q satisfies the classical parallelogram identity

qpx` yq ` qpx´ yq “ 2pqpxq ` qpyqq, (1.15)

for all x, y P X. If such a form Q exists, then it is unique.
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1.7. Examples. In the last section of the paper, we show that group algebras of finite
groups over the reals, as well as real Clifford algebras are polarizable, and determine
some polarizing subgroups, as well as the polarization constants. This gives examples of
concrete polarization identities in new contexts. The case of classical Clifford numbers
C0,n associated to negative definite inner products was considered in [GR93]. We also
make a few comments about polarizing subgroups in matrix algebras.

Acknowledgments: We would like to thank Preeti Raman, Nicolas Young, S. Viswanath,
Amritanshu Prasad and John D’Angelo for their comments and suggestions. Substantial
parts of this paper are based on the MA thesis of the first-named author under the super-
vision of the second-named author. The first-named author would like to thank his other
committee members, Jordan Watts and Lisa DeMeyer for their suggestions.

2. Structure of polarizable algebras

In this section our goal is to prove the first half of Theorem 1.2, i.e., a ˚-algebra is
polarizable if and only if it is isomorphic to a ˚-direct sum of matrix algebras over real
division rings, each endowed with the conjugate-transpose involution.

2.1. Involutions on matrix algebras and compact unitary groups. The following
result is needed to prove the existence of isomorphism (1.11):

Proposition 2.1. Let D “ R,C or H be a real division algebra, and let 7 be an involution
on MnpDq. If the involutive algebra pMnpDq, 7q is polarizable then it is ˚-isomorphic to
pMnpDq, ˚q where ˚ is the conjugate-transpose involution of MnpDq.

The proof will employ brute force, using a classification of all the involutions of the
matrix algebras MnpDq, and a characterization of their unitary groups, and then singling
out the ones which have polarizable unitary groups. Since we have not been able to locate a
full statement of this classification in the literature, we include it below in Proposition 2.2,
and sketch a proof based on the general results in [Sch85] on involutions of matrix algebras.

We begin by recalling some facts and introducing some notation to simplify the presen-
tation of this result.

(1) On the quaternions H, it is known that any involution is either the conjugation
(1.10), or is a so-called nonstandard involution (see [Rod14, Theorem 2.4.4]): an example
of a nonstandard involution is the mapping x ÞÑ rx given for x “ x0 ` x1i` x2j ` x3k by

rx “ x0 ´ x1i` x2j ` x3k, (2.1)

and any other nonstandard evaluation is conjugate to it. A computation shows that the
nonstandard involution (2.1) and the conjugation x ÞÑ x are related by

rx “ ixi´1 “ ´ixi. (2.2)

Given a matrix A of quaternions, we denote by rA the matrix obtained by applying the
involution r̈ to each element of A.

(2) Let J1 P M2pRq be the matrix J1 “

ˆ

0 ´1
1 0

˙

and for each positive integer m let

Jm be the 2mˆ 2m block diagonal matrix with m blocks each equal to J1:

Jm “ diagpJ1, . . . , J1q.
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(3) Let p, q be nonnegative integers such that p`q “ n. We denote by Ip,q the diagonal
matrix where the first p diagonal entries are +1s and the remaining q entries are -1s:

Ip,q “ diag p1, . . . , 1,´1, . . . ,´1q .

Proposition 2.2. The rows of the following table give a complete list of nonisomorphic
involutions on the algebras MnpDq,D “ R,C,H, and characterize the corresponding uni-
tary groups. More precisely, for D “ R,C or H, if 7 is an involution on the real associative
algebra MnpDq, then pMnpDq, 7q is ˚-isomorphic to pMnpDq, 5q, where 5 is an involution
in some row of the table in the column “Involution” associated with the algebra MnpDq in
the first column.

Algebra No. Parameters Involution Unitary Group

MnpRq
1p,q p` q “ n, p ě q A ÞÑ Ip,qA

T Ip,q Opp, qq “ tAT Ip,qA “ Ip,qu

2 n “ 2m even A ÞÑ ´JmA
TJm Spp2m,Rq “ tATJmA “ Jmu.

MnpCq
3p,q p` q “ n, p ě q A ÞÑ Ip,qA

˚Ip,q Upp, qq “ tA˚Ip,qA “ Ip,qu

4 A ÞÑ AT Opn,Cq “ tATA “ Iu

5 n “ 2m even A ÞÑ ´JmA
TJm Spp2m,Cq “ tATJmA “ Jmu.

MnpHq
6p,q p` q “ n, p ě q A ÞÑ Ip,qA

˚Ip,q Sppp, qq “ tA˚Ip,qA “ Ip,qu

7 A ÞÑ rAT SpNSpnq “t rA
TA “ Iu

The rows numbered 1p,q, 3p,q and 6p,q each stand for multiple rows (and therefore multiple
non ˚-isomorphic ˚-algebras), with a separate row for each “signature” pp, qq.

If R is an involution of MnpDq, then the restriction of R to the center K of MnpDq is
a field automorphism of K fixing R, which is either the identity, or is of order 2. When
D “ R or H, then K can be identified with R, so all involutions restrict to the identity.
On the other hand, if D “ C, the center K consists of the complex scalar matrices, so an
involution can be either restrict to the identity (a so called involution of the first kind), or
its restriction to the center K – C of can be the complex conjugation map (an involution
is of the second kind).

The following is the special case for the base field R of a well-known result on the
classification of involutions of central simple algebras over a field (see [Sch85, Chapter 8,
Theorem 7.4]). The proof is straightforward using the Skolem-Noether characterization of
automorphisms of simple algebras, and we refer the reader to [Sch85] for details:

Lemma 2.3. Let D “ R,C or H and n a positive integer.

(1) Every involution R on MnpDq is of the form

AR “ UASU´1, for all A PMnpDq (2.3)

where
(a) S is the transposition map on MnpDq if D “ R or D “ C and R is of the first

kind, and the conjugate-transpose map otherwise, and
(b) U is invertible in MnpDq and satisfies US “ ˘U .

(2) If 7, 5 are involutions on MnpDq, then pMnpDq, 7q and pMnpDq, 5q are ˚-isomorphic
if and only if the following conditions hold:
(a) If D “ C then both 5 and 7 are of the first kind or of the second kind.
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(b) If

A7 “ UASU´1, A5 “ V ASV ´1

are the representations of the two involutions given by (2.3) (with S as in part
1(a)), then we have

V “ λWUWS (2.4)

with λ ­“ 0 in the center of D and W inveritible in MnpDq

Proof of Proposition 2.2. In view of Lemma 2.3, the proof is reduced to the determination
of equivalence classes in MnpDq under the equivalence relation (2.4) (so-called multiplica-
tive congruence). For D “ R,C, wherever possible, we will use classical results in linear
algebra which classify matrices up to congruence (i.e., with λ “ 1 in (2.4)). In the case of
the quaternions, we will need to use facts about spectral theory over H. Once involution
is reduced to a normal form, the computation of the unitary group of the last column is
straightforward.

The case D “ R. Thanks to Lemma 2.3 each involution MnpRq is of the form
A ÞÑ UATU´1 where A ÞÑ AT is the transposition operation, and UT “ ˘U , i.e. U is
either symmetric or anti-symmetric . We consider the two cases separately.

(1) U symmetric. The eigenvalues of the symmetric and invertible matrix U are real
and nonzero, and suppose that U has p positive and q “ n ´ p negative eigenvalues. By
the real form of Sylvester’s Law of of Inertia ([Her75, Theorem 6.11.1]), the invertible
symmetric matrix U is congruent to the matrix Ip,q, i.e., there is a matrix W such that
Ip,q “ WUW T . If p ě q, this shows that Ip,q and U are multiplicatively congruent. If
q ą p then the relation Iq,p “ p´1qWUW T holds, showing that U is multiplicatively
congruent to Iq,p. Case 1p,q of the table follows, on noting that I´1

p,q “ Ip,q.
(2) U is anti-symmetric. Using the real spectral theorem, it is not difficult to show

that (see [HJ13, Corollary 2.5.11]) n “ 2m is even and there is an orthogonal matrix
V P Opnq such that U “ V diagpr1J1, . . . , rmJ1qV

T , where each rj ą 0. Taking W “

V diagp
?
r1,
?
r1, . . . ,

?
rm,

?
rmq, we see that U “ WJmW

T , so U is (multiplicatively)
congruent to Jm, and consequently by Lemma 2.3, the involution 7 is equivalent to the
involution A ÞÑ JmA

TJ´1
m “ ´JmA

TJm of row 2, since J´1
m “ ´Jm.

The case D “ C. Given an involution on MnpCq, it can be either of the first or second
kind. We consider these two cases separately.

First suppose that we are given an involution of the first kind on MnpCq, i.e., it acts
as the identity on the complex scalar matrices that form the center of MnpCq. Then by
Lemma 2.3, such an involution of is of the form A ÞÑ UATU´1 where A ÞÑ AT is the
transposition involution on complex matrices and UT “ ˘U . Again we consider the two
cases:

(1) U symmetric, i.e. UT “ U . By a classical result of linear algebra (see [HJ13,
Theorem 4.5.12]) for the nonsingular complex symmetric matrix U , there is an invertible
W such that WUW T “ I, which shows that U is (multiplicatively) congruent to the
identity matrix I. The case of row 4 follows.

(2) U is anti-symmetric, i.e. UT “ ´U . By an application of the spectral theorem (see
[Hua44, Theorem 7, p. 481]) we can show that there is a V such that we have

U “ V diagpr1J1, . . . , rmJ1qV
T
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where n “ 2m (and hence even) and each rj ą 0. Now we take

W “ V diagp
?
r1,
?
r1, . . . ,

?
rm,

?
rmq,

and see that U “WJmW
T , so U is (multiplicatively) congruent to Jm, and consequently

by Lemma 2.3, we get row 5.

Now suppose that we are given an involution of the second kind on MnpCq, so that by
Lemma 2.3, we see that such an involution is of the form A ÞÑ UA˚U´1, where A ÞÑ A˚

is the standard conjugate-transpose involution of the algebra MnpCq, and U˚ “ ˘U . We
consider the two cases

(1) U is Hermitian, i.e. U˚ “ U. This case is similar to the case of row number 1p,q,
using the Hermitian version of Sylvester’s Law of Inertia ([HJ13, Theorem 4.5.8]) , which
shows that there is a W P GLnpCq such that Ip,q “ WUW ˚, where p and q are the
numbers of positive and negative eigenvalues of the matrix U . If p ă q we again write
p´1qWUW ˚ “ Iq,p. This gives row 3p,q of the table.

(2) U is Skew-Hermitian, i.e. U˚ “ ´U Since piUq˚ “ iU , by the arguments of the
preceding case there is a signature pp, qq and a matrix W such that

Ip,q “W piUqW ˚ “ iWUW ˚

If p ă q we again have Iq.p “ ´iWUW ˚, so we have that U is multiplicatively congruent
to one of the matrices Ip,q with p ě q, and we are again in row 3p,q.

The case D “ H. We will use the following quaternionic version of the spectral theorem,
where the quaternions of the form a` ib, a, b P R (i.e. quaternions with vanishing j and k
components) are identified with the complex numbers C:

Result: (see [FP03], and cf. [Rod14, Theorem 4.1.12]) Suppose U PMnpHq is a normal
matrix, i.e. U˚U “ UU˚. Then there exists a V P Sppnq and a diagonal matrix D with
entries in the closed upper half plane in C Ă H such that U “ V DV ˚.

By Lemma 2.3 every involution on MnpHq is of the form A ÞÑ UA˚U´1 where U P

GLnpHq is such that U˚ “ ˘U . In both cases, U is normal so that we can apply the
quaternionic spectral theorem as stated above.

(1) U is quaternionic Hermitian, i.e. U˚ “ U : Then there exists a V P Sppnq such
that V ˚UV “ D, a diagonal with values in the upper half plane. Further D˚ “ V ˚U˚V “
V ˚UV “ D and it follows that D is a real diagonal matrix. Applying the argument used
to deduce Sylvester’s law of inertia from the spectral theorem (see the proof of [Her75,
Theorem 6.11.1]), we see that there are p, q ě 0, p ` q “ n and W P GLnpHq such that
Ip,q “ WUW ˚. Again if q ą p, we can write Iq,p “ p´1qWUW ˚, showing that U is
multiplicatively congruent to Ip,q for some p ě q.

(2) U is quaternionic skew-Hermitian, i.e. U˚ “ ´U If U˚ “ ´U , then there exists
a V P Sppnq such that V ˚UV “ D, a diagonal matrix with values in the upper half
plane. In this case, however, D˚ “ V ˚U˚V “ ´V ˚UV “ ´D and it follows that D “

diagpir1, . . . , irnq where each rj ą 0 is a positive real number. Setting

W “ V diag p
?
r1, . . . ,

?
rnq

yields U “W piIqW ˚, so that the the algebra MnpHq with this involution is ˚-isomorphic
to the algebra pMnpHq, 7q, where A7 “ piIqA˚piIq´1 “ iA˚i´1. Denoting the entry in the
λ-th row and µ-th column of the matrix A by paλµq, we see using (2.2) that the pλ, µq-th
entry of iA˚i´1 is

i ¨ aµ,λ ¨ i
´1 “ raµ,λ,
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where the tilde denotes the nonstandard involution of (2.1). Therefore, we get the invo-

lution A ÞÑ rAT of row (7) of the table (cf. [Rod14, section 3.6]) and it is clear that the

corresponding unitary group is t rATA “ Iu, which does not seem to have a standard name
in the literature, but perhaps may be called the nonstandard symplectic group SpNSpnq.

�

Proof of Proposition 2.1. We will show that if 7 is not the conjugate-transpose involution
on MnpDq, then the algebra pMnpDq, 7q is not polarizable, i.e., the unitary groups in the
table of Proposition 2.2 except those in rows 1n,0, 3n,0 and 6n,0 are not compact or do not
generate MnpDq.

When n “ 1, and D “ R, the the only possibility is row 11,0 so there is nothing to show.
For D “ C the only possibility (except 31,0) is row 4, where the unitary group is

ΓpM1pCq, idq “ tz PM1pCq “ C : z2 “ 1u “ t˘1u.

The linear span of this group is R and therefore it is not polarizing. For D “ H, the only
possibility we need to consider is 7, where the unitary group is

ta P H : raa “ 1Hu.

It is easy to see that a quaternion satisfying this system of four real equations are of the
form a “ cos θ` i sin θ for some θ P R. Therefore, the unitary group in this case generates
a subalgebra of H isomorphic C, and not the whole of H. The result is proved when n “ 1.

Now let n ě 2. In the numbering system of the table in Proposition 2.2, the conjugate
transpose involutions correspond to rows 1n,0 (for R), 2n,0 (for C) and 6n,0 (for H). We
will show that all the other groups in the table are noncompact, thus showing that they
are nonpolarizable. If n “ 2 and p “ q “ 1, for number 11,1 it is well-known that the
group Op1, 1q is not compact, which can be seen for example by looking at the sequence
of matrices

1

2

¨

˚

˚

˝

n`
1

n
n´

1

n

n´
1

n
n`

1

n

˛

‹

‹

‚

in Op1, 1q which does not have a limit point. Now since Op1, 1q can be embedded as a
closed subgroup of Opp, qq if n ě 3 it follows that Opp, qq is noncompact if p ě q ě 1.

The inclusions Opp, qq Ă Upp, qq Ă Sppp, qq (obtained by extending scalars) show that
rows 3p,q and 6p,q also have noncompact unitary groups if p, q ě 1.

In row no. 4, the group Opn,Cq is a complex affine variety in Cn2
“MnpCq of dimension

equal to that of the Lie algebra tA`AT “ 0u which is therefore 1
2npn´ 1q. If n ě 2, this

is at least 1, so Opn,Cq is noncompact.
The map f : C Ñ H given by fpx ` iyq “ x ` jy is an R-algebra monomorphism, and

satisfies fpxq “ Ćfpxq for each x, where the tilde has the same meaning as in (2.1). We
may therefore define an algebra homomomorphism f : MnpCq Ñ MnpHq by applying it
elementwise. This maps the group Opn,Cq into a closed subgroup of the group SpNSpnq “

t rATA “ Iu, which is therefore noncompact.
Using the formula for the inverse of a 2 ˆ 2 matrix, we see that a matrix A P M2pRq

satisfies the condition ATJ1A “ J1 if and only if detA “ 1, so Spp2,Rq “ SLp2,Rq.
The noncompactness of SLp2,Rq can be seen, e.g., by looking at the sequence of matrices
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"ˆ

n 1
n´ 1 1

˙*

. Using the obvious inclusion of Spp2,Rq in Spp2m,Rq we see that the

latter is noncompact for each m ě 1. Similarly, the inclusion of Spp2m,Rq in Spp2m,Cq
shows that the latter is noncompact. This completes the proof. �

2.2. Semisimplicity of polarizable algebras. We begin with the following simple ap-
plication of the Weyl averaging trick:

Proposition 2.4. Let pA, ˚q be an involutive algebra and suppose there is a compact
subgroup G of ΓpA, ˚q which generates A. Then

(1) there exists an inner product on the R-vector space A:

x¨, ¨y : Aˆ AÑ R
such that for α, β, η P A we have

xηα, βy “ xα, η˚βy . (2.5)

(2) the ˚-algebra pA, ˚q is ˚-isomorphic to a ˚-subalgebra of pMnpRq, T q, were n “
dimRA (as a vector space) and T denotes the transposition involution.

(3) the ˚-algebra pA, ˚q is polarizable.

Proof. (1) Let x¨, ¨y0 : AˆAÑ R be a real inner product on A , i.e. a positive-definite,
symmetric, bilinear form. Then

xα, βy :“

ż

G
xgα, gβy0 dg

is also an inner product, and by Haar invariance we have for this inner product for each
g P G, α, β P A that

xgα, gβy “ xα, βy . (2.6)

Therefore
xhα, βy “ xhα, hh˚βy “ xα, h˚βy

for α, β P A and h P G. By the R-bilinearity of the inner product, and the fact that
A “ spanRG the equality (2.5) follows.

(2) Let
ρ : AÑ EndRpAq (2.7)

be the injective R-algebra homomorphism given by ρpαqpβq “ αβ. On the endomorphism
algebra EndRpAq there is an involution 7 given by taking adjoints with respect to the inner
product of part (1) above, i.e. for an R-linear map A : A Ñ A, the map A7 : A Ñ A is
characterized by the fact that xAα, βy “

@

α,A7β
D

. Notice that (2.5) says that for each η P

A, we have ρpηq7 “ ρpη˚q, i.e., ρ is a ˚-homomorphism from pA, ˚q into pEndRpAq, 7q, which
is known to be injective, so that pA, ˚q is isomorphic to a ˚-subalgebra of pEndRpAq, 7q.
Now choosing a basis of the R-vector space A, the algebra pEndRpAq, 7q is ˚-isomorphic to
pMnpRq, ˚q and the result follows.

(3) Identifying EndRpAq with the matrix algebra MnpRq by choosing a basis, we see
that the map ρ of (2.7)

ΓpA, ˚q “ ρ´1pOpnqq,

where Opnq is the orthogonal group. Since ρ, being linear and injective, is topologically a
proper map, it follows that ΓpA, ˚q is compact. Since the subgroup G of ΓpA, ˚q generates
A, it follows a fortiori that ΓpA, ˚q generates A. The result follows.

�
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We are now ready to prove the first half of Theorem 1.2, which we state as a separate
proposition for convenience. It can be thought of as a version of Maschke’s theorem.

Proposition 2.5. Let pA, ˚q be a polarizable ˚-algebra. Then there is a ˚-isomorphism

φ :
N
à

j“1

pMnj pDjq, ˚q Ñ pA, ˚q, (2.8)

where in the left is the ˚-direct sum of a a finite number of matrix algebras over real
division rings, each endowed with the “conjugate-transpose” involution.

Proof. Let j be a left ideal in the algebra A, and let k be the R-linear subspace of A which
is its orthogonal complement with respect to the inner product of Proposition 2.4, i.e.

k “ tα P A : xα, βy “ 0, for each β P ju.

Now, k is also a left ideal in the algebra A, since by (2.5), we have for α P k and η P A,

xηα, βy “ xα, η˚βy “ 0,

for each β P j since j is a left ideal. It follows that A is semisimple as a left module
over itself, i.e., it is a semisimple R-algebra. By a famous theorem of Wedderburn (e.g.
[Lam01]), the algebra A is isomorphic to a direct sum of matrix algebras over R-division
algebras. This shows the existence of an isomorphism of R-algebras:

φ :
N
à

j“1

Mnj pDjq Ñ A,

where for each j, Dj is one of the three real division algebras.

Let 7 denote the involution on the algebra B “
ÀN

j“1Mnj pDjq obtained by pulling back

the involution ˚ of A via φ, so that φ is a ˚-isomorphism of B with A: φpx7q “ φpxq˚.
We will now show that the involution 7 preserves the direct sum structure of B, i.e., there
exists for each j, an involution 7j of Mnj pDjq such that

px1, . . . , xN q
7 “ px711 , . . . , x

7n
n q,

i.e. B is the ˚-direct sum of the algebras pMnj pDjq, 7jq.
For each j, let aj be the image of the algebra Mnj pDjq in the direct sum B under the

canonical inclusion, so that aj is a minimal two-sided ideal in B. If 7 does not preserve
the direct sum structure of B, there is a j such that 7 maps aj to ak for some k ­“ j (this
follows from the minimality of the two-sided ideals a`.) Without loss of generality assume
that j “ 1, k “ 2 (and therefore n1 “ n2, and D1 “ D2). For each positive integer n,
consider the element un P B given by

un “

ˆ

nI1,
1

n
I2, I3, . . . , IN

˙

,

where Ij is the identity of Mnj pDjq . Then it follows that

u7n “

ˆ

1

n
I1, nI2, I3, . . . , IN

˙

so that unu
7
n is the identity element of B, and consequently un P ΓpB, 7q. It follows

that ΓpB, 7q is not compact, but since φ is a ˚-isomorphism, we have that ΓpA, ˚q is also
noncompact, which contradicts the assumption that pA, ˚q is polarizable.
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Therefore we have pB, 7q “
ÀN

j“1pMnj pDjq, 7jq, a ˚-direct sum, where 7j denotes the

restriction of 7 to aj , which can be identified with Mnj pDjq. Since pB, 7q is polarizable, it
easily follows that each summand pMnj pDjq, 7jq is also polarizable. By Proposition 2.1, it
follows that each 7j is the conjugate transpose involution.

�

2.3. Polarizability of matrix algebras. In this subsection, we will prove that a finite ˚-
direct sum of matrix algebras over division algebras is polarizable. We note some properties
of the vector-valued integral (1.3) defined by the condition (1.4):

(1) If f : G Ñ V is a continuous function on the group G with values in a finite
dimensional real vector space V , W is another finite dimensional real vector space and
T : V ÑW is an R-linear map, then we have:

T

ˆ
ż

G
fdg

˙

“

ż

G
pT ˝ fq dg (2.9)

where now the integral on the right is the vector-valued integral of a W -valued function
on G. The relation (2.9) is easily verified using the defining condition (1.4).

(2) Again, let f : G Ñ V be a continuous function on the group G with values in a
finite dimensional real vector space V . Then we have

ż

G
fdg P spanR pfpGqq , (2.10)

where fpGq “ tfpgq : g P Gu Ă V is the image of the map f . To see (2.10), let W “

spanR pfpGqq, and let π : V Ñ V {W be the quotient map. Then by (2.9),

π

ˆ
ż

G
fdg

˙

“

ż

G
πpfpgqqdg “ 0,

which shows that
ş

G fdg PW . With a little more work, one can show that
ş

G fdg belongs
to the convex hull of fpGq, but we do not need this.

We also recall a few definitions. Let σ P Sn be a permutation, i.e., a bijection of
t1, . . . , nu with itself. We can associate with σ an nˆn permutation matrix Pσ, where the
j-th column of Pσ is eσpjq for 1 ď j ď n, with ei denoting the n ˆ 1 column matrix with
an 1 in the i-th place and 0’s everywhere else. It is clear that Pσej “ eσpjq. Given a group
H of permutation matrices, we say that it is transitive if the corresponding permutations
act transitively on the set t1, . . . , nu.

Proposition 2.6. Let pA, 7q be a ˚-algebra, and let G Ă ΓpA, 7q be a polarizing group. Let
n ě 2 and let ∆G ĂMnpAq be the collection of nˆ n diagonal matrices with the diagonal
entries taken from G:

∆G “ tdiagpg1, . . . , gnq PMnpAq : gj P Gu,

and let H be a transitive group of permutation matrices in MnpAq. Then the set

∆GH “ tDP : D P ∆G, P P Hu

is a compact subgroup of pMnpAq, ˚q which is polarizing, where ˚ is the involution induced
on MnpAq by the involution 7 of A as in (1.9).
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Proof. It is clear that ∆G – Gn is a compact group as a Cartesian power of the compact
group G and ∆GH is compact as a union of finitely many homeomorphic copies of ∆G. If
D P ∆G, we can write D “ diagpg1, . . . , gnq for gj P G, 1 ď j ď n, so that we have

D˚D “ diagpg71, . . . , g
7
nq ¨ diagpg1, . . . , gnq “ diagp1A, . . . , 1Aq.

since G Ă ΓpA, 7q by hypothesis. Also, we have for a permutation matrix P PMnpAq:

P ˚P “ pP 7qTP “ P TP “ I.

It follows that ∆GH is a compact subset of the unitary group ΓpMnpAq, ˚q.
A direct computation shows that for each σ P Sn, and D P ∆G we have

pPσq
´1DPσ “ Pσ´1DPσ “ D1 P ∆G (2.11)

where D1 is a diagonal matrix whose nonzero nonzero entries are a permutation of the
diagonal entries of D. More precisely, if D “ diagpg1, . . . , gnq where gj P G, then D1 “
diagpgσp1q, . . . , gσpnqq.

The relation (2.11) shows not only that ∆GH is a group, but also that ∆G is normal
subgroup of the group ∆GH. The intersection ∆G X H consists of diagonal matrices
which are permutation matrices and therefore is tIu. It folows that ∆GH is the (internal)
semidirect product of the two subgroups ∆G and H. Since on a semidirect product, the
Haar measure is equal to the product measure (e.g. [Nac76, pp. 96ff.]), we have, using
Fubini’s theorem:

ż

∆GH
gdg “

ż

H

ż

∆G

DPdDdP “

ˆ
ż

∆G

DdD

˙

¨

ˆ
ż

H
PdP

˙

“ 0 ¨

ˆ
ż

H
PdP

˙

“ 0,

using the fact that G is polarizable so (1.6) holds.
We now show that ∆GH generates MnpAq. Let Ei,j be the n ˆ n matrix with 1A in

the i-th row and j-th column and zeros everywhere else. First we show that Ei,j is in the
subalgebra of MnpAq generated by the group ∆GH. For 1 ď j ď n and g P G, denote by
Djpgq P ∆G the diagonal matrix with a 1A in the j-th place and and g in each other place.
Then we clearly have, using (1.6) that Ej,j “

ş

GDjpgqdg. It follows by (2.10) that Ej,j is
in the algebra generated by ∆G. Now observe that

Ei,jek “

#

ei k “ j

0 otherwise
.

Since H is transitive, by definition there exists a P P H such that Pej “ ei, so that

PEj,jek “

#

Pej “ ei k “ j

P p0q “ 0 otherwise
.

Hence PEj,j “ Ei,j , so that ∆GH generates all of the Ei,j .
Now we note that αI is generated by ∆GH for each α P A. Since G generates A, there

exist g1, . . . gn P G and λ1, . . . , λn P R so that α “
ř

λigi. Hence αI “
řn
i“1 λipgiIq, where

each giI P ∆G. Writing a matrix A “ pαi,jq PMnpAq as

A “
n
ÿ

i,j“1

pαi,jIq ¨ Ei,,j

we see that ∆GH is a polarizing subgroup of MnpAq. �

From this we deduce the following:
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Proposition 2.7. A ˚-algebra which is ˚-isomorphic to a finite ˚-direct sum of matrix
algebras over real division algebras, each endowed with the conjugate-transpose involution,
is polarizable.

Proof. From part (3) of Proposition 2.4 it follows that a ˚-algebra is polarizable if and
only if it has a compact subgroup of the unitary group whose R-linear span is the whole
algebra. In particular, any ˚-algebra which admits a polarizing subgroup is polarizable.

Using this criterion it is easy to see that R, C and H are each polarizable if endowed
with the standard conjugation operation. Indeed, each of the finite groups t˘1u, t˘1,˘iu
and t˘1,˘i,˘j,˘ku consist of unitary elements in R,C and H respectively and span the
respective division algebra.

Therefore, by Proposition 2.6, the ˚-algebra pMnpDq, ˚q, where the involution ˚ is the
standard conjugate-transpose operation, is polarizable, where D is one of R,C,H. No-
tice also that the ˚-direct sum of a finite number of polarizable ˚-algebras is easily seen
to be polarizable. Therefore the ˚-direct sum

ÀN
j“1pMnj pDjq˚q is polarizable. Finally

polarizability is clearly preserved by ˚-isomorphisms, so the result follows.
�

3. Proof of Theorems 1.1 and 1.2

3.1. Integrals on compact multiplicative groups. Let A be a ˚-algebra and let G
be a compact subgroup of Aˆ, the group of units (i.e. invertible elements) of A. For an
integer k ě 0, we define the k-th moment of G to be the element of A given by

µkpGq “

ż

G
gkdg, (3.1)

where the integral is that of the A-valued function g ÞÑ gk taken with respect to the
normalized Haar measure of the compact group G, defined as in (1.4). The relation (2.9)
will be used repeatedly without further comments in the computations below. We now
collect some basic information about moments.

Proposition 3.1. For each compact subgroup G Ă Aˆ and each integer k ě 0, the element
µkpGq belongs to the subalgebra B of A generated by G, and in fact lies in the center of
B, i.e., for each h P B, we have hµkpGq “ µkpGqh.

Proof. Since G being a group is closed under multiplication in A, one sees easily that
B “ spanRG, i.e. the algebra B generated by G coincides with the linear span of the
subset of G of the R-vector space A. However the integrand of the vector-valued integral
(3.1) takes values in the linear subspace B of A, and therefore by (2.10) the value of the
integral lies in B. Now let h P G, then

hµkpGqh
´1 “

ż

G
hgkh´1dg “

ż

G
phgh´1qkdg “

ż

G
gkdg “ µkpGq,

using the invariance of the Haar measure. Therefore, we have for each h P G that hµkpGq “
µkpGqh. Since B is the collection of real linear combinations of the elements of G, it follows
that the same relation holds for h P B as well. �

We now compute the first and second moments of a group under appropriate hypotheses.

Proposition 3.2. Let G Ă Aˆ be a compact subgroup and suppose that one of the following
hold:
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(a) ´1A P G,
(b) G ­“ t1Au and the subalgebra B of A generated by G is simple (i.e. has no nontrivial

two sided ideals).

Then we have

µ1pGq “ 0.

Proof. If condition (a) holds, then by the invariance of Haar measure

µ1pGq “

ż

G
p´1Aqgdg “ ´µ1pGq.

Now, assume (b). If B “ R, then by the nontriviality of G, we must have G “ t˘1Au, so
that µ1pGq “

1
2p1´ 1q “ 0. Assuming therefore that B ­“ R, since by Proposition 3.1, the

element µ1pGq is in the center of B it follows that the set J “ th : hµ1pGq “ 0u is a two
sided ideal in B. Since B ­“ R, there are two R-linearly independent elements g1, g2 P G.
If we let h “ g1 ´ g2, we have 0 ­“ h P J since

hµ1pGq “

ż

G
g1gdg ´

ż

G
g2gdg “

ż

G
gdg ´

ż

G
gdg “ 0.

By simplicity of B, J is all of B. It follows that µ1pGq “ 1A ¨ µ1pGq “ 1µ1pGq “ 0. �

The following proposition summarizes the properties of the second moment that we will
need in our application:

Proposition 3.3. Let pA, ˚q be a ˚-algebra, and G Ă ΓpA, ˚q be a compact subgroup of
unitary elements of A that generates A. Then for each α P A, we have

ż

G
gαgdg “ α˚µ2pΓpA, ˚qq. (3.2)

Remark: Thanks to part (3) of Proposition 2.4, we know that the unitary group ΓpA, ˚q
is compact, and therefore µ2pΓpA, ˚qq makes sense. Taking α “ 1A in (3.2), we have the
remarkable fact that in a polarizable ˚-algebra pA, ˚q:

µ2pGq “ µ2pΓpA, ˚qq, (3.3)

for each compact subgroup G of ΓpA, ˚q which generates the algebra A. For a polarizable
algebra pA, ˚q we will denote, by abuse of notation,

µ2pAq “ µ2pΓpA, ˚qq.

we refer to the element µ2pAq P A as the the second moment of the polarizable algebra
pA, ˚q.

Proof. For each h P G we have, by an application of Haar invariance, that
ż

G
ghgdg “ h˚h

ż

G
ghgdg “ h˚

ż

G
phgq2dg “ h˚

ż

G
g2dg “ h˚µ2pGq,

using the fact that hh˚ “ 1A. Since spanRG “ A, we can write each α P A as a finite sum
α “

ř

λjhj for h1, . . . , hn P G and λ1, . . . , λn P R. Hence
ż

G
gαgdg “

n
ÿ

j“1

λj

ż

G
ghjgdg “

n
ÿ

j“1

λjh
˚
j

ż

G
g2dg “ α˚µ2pGq. (3.4)
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To complete the proof we need to establish the relation (3.3). This is obtained from the
following computation:

µ2pGq “ µ2pGq ¨

ż

ΓpA,˚q
dγ “

ż

ΓpA,˚q
γγ˚µ2pGqdγ

“

ż

ΓpA,˚q
γ ¨

ˆ
ż

G
gγgdg

˙

dγ using (3.4)

“

ż

ΓpA,˚q

ż

G
pγgq2dgdγ “

ż

G

ż

ΓpA,˚q
pγgq2dγdg

“

ż

G

ż

ΓpA,˚q
γ2dγdg by Haar invariance on ΓpA, ˚q

“

ż

G
µ2pΓpA, ˚qqdg “ µ2pΓpA, ˚qq.

�

3.2. The key computation. We begin with the following consequence of the computa-
tions of Section 3.1:

Proposition 3.4. Let A be a ˚-algebra and let G Ă ΓpA, ˚q be a compact subgroup which
generates the algebra A. Then for each left A-module X, and each Hermitian form Q :
Xˆ XÑ A, we have

ż

G
qpx` gyqgdg “ pqpxq ` qpyqq ¨ µ1pGq `Qpx, yq ¨ p1A ` µ2pΓpA, ˚qqq, (3.5)

where x, y P X, and we set

qpxq “ Qpx, xq, x P X.

Proof. For x, y P X and g P G Ă A we have

qpx` gyq “ Qpx` gy, x` gyq

“ Qpx, xq `Qpx, gyq `Qpgy, xq `Qpgy, gyq

“ qpxq `Qpx, yqg˚ ` gQpy, xq ` gqpyqg˚.

Therefore, multiplying on the right by g and integrating on G with respect to Haar measure
we have

ż

G
qpx` gyqgdg “ A`B ` C `D,

where

A “

ż

G
qpxqgdg “ qpxqµ1pGq,

B “

ż

G
Qpx, yqg˚gdg “

ż

G
Qpx, yqdg “ Qpx, yq

ż

G
dg “ Qpx, yq,

C “

ż

G
gQpy, xqgdg “ Qpy, xq˚

ż

G
g2dg “ Qpy, xq˚µ2pΓpA, ˚qq by (3.2) and (3.3)

“ Qpx, yqµ2pΓpA, ˚qq.
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and

D “

ż

G
gqpyqg˚gdg “

ˆ
ż

G
gdg

˙

qpyq “ µ1pGqqpyq “ qpyqµ1pGq,

where in the last step we use the fact that µ1pGq lies in the center of A (see Proposition 3.1
above). Combining these equations, the result follows. �

3.3. Second moments of matrix algebras.

Proposition 3.5. Let pA, 7q be a polarizable algebra, and endow the matrix algebra MnpAq
with the involution ˚ given by A ÞÑ A˚ “ pA7qT induced by 7 as in (1.9). Then by
Proposition 2.6, the ˚-algebra pMnpAq, ˚q is polarizable. The second moment of this algebra
is given by:

µ2pMnpAqq “
1

n
¨ µ2pAqI, (3.6)

where I is the identity matrix of MnpAq.

Proof. Let ∆ :“ ∆ΓpA,7q be the collection of diagonal matrices in MnpAq with entries from
the unitary group ΓpA, 7q as in proposition 2.6. Let H be the cyclic group of permutation
matrices in MnpAq corresponding to the n-cycle σ “ p1, 2, . . . , nq P Sn, i.e.

H “ tPσk : 0 ď k ď n´ 1u,

where for τ P Sn, Pτ is the permutation matrix such that Pτei “ eτpiq, where ej is the
column vector with 1 in the j-th row and zeroes everywhere else.

A computation analogous to that in (2.11) shows that for D “ diagpg1, . . . , gnq P ∆
(with gj P ΓpA, 7q) and Pσk P H we have

DPσkDPσk “ Pσ2kD2D1

where

D1 “ diag
´

gσkp1q, . . . , gσkpnq

¯

, D2 “ diag
´

gσ2kp1q, . . . , gσ2kpnq

¯

P ∆G.

Therefore we have (with eT1 the row vector with 1 in the first slot and zeroes everywhere
else):

eT1 DPσkDPσke1 “ eT1 Pσ2kD2D1e1

“ eT1 Pσ2kD2gσkp1qe1

“ eT1 Pσ2kgσ2kp1qgσkp1qe1

“ eT1 gσ2kp1qgσkp1qeσ2kp1q

“

#

g1gσkp1q if σ2k “ id

0 otherwise.

By proposition 3.1 the element µ2pMnpAqq is in the center of MnpAq. It is not difficult
to see that the center of MnpAq consists of matrices of the form zI, where z belongs to
the center of A and I is the identity matrix of MnpAq Therefore there is a z in the center
of A such that µ2pMnpAqq “ zI. We have

z “ eT1 µ2pMnpAqqe1 “

ż

H

ż

∆
eT1 DPDPe1dDdP
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“
1

n

n´1
ÿ

k“0

ż

∆
eT1 DPσkDPσke1dD “

1

n

ÿ

σ2k“id
0ďkďn´1

ż

∆
g1gσkp1qdD

“
1

n

ÿ

σ2k“id
0ďkďn´1

ż

ΓpA,7q
. . .

ż

ΓpA,7q
g1gσkp1qdg1 . . . dgn

“
1

n

¨

˚

˚

˝

ż

ΓpA,7q
. . .

ż

ΓpA,7q
g2

1dg1 . . . dgn `
ÿ

σ2k“id
1ďkďn´1

ż

ΓpA,7q
. . .

ż

ΓpA,7q
g1gσkp1qdg1 . . . dgn

˛

‹

‹

‚

“
1

n

¨

˚

˚

˝

ż

ΓpA,7q
g2

1dg1 `
ÿ

σ2k“id
1ďkďn´1

ż

ΓpA,7q

ż

ΓpA,7q
g1gσkp1qdg1dgσkp1q

˛

‹

‹

‚

“
1

n

¨

˚

˚

˝

µ2pAq `
ÿ

σ2k“id
1ďkďn´1

˜

ż

ΓpA,7q
g1dg1

¸˜

ż

ΓpA,7q
gσkp1qdgσkp1q

¸

˛

‹

‹

‚

“
1

n
µ2pAq,

using in the last line the property (1.6) of polarizable subgroups such as ΓpA, 7q. �

To use the above, we need to know the second moment of the algebra pA, 7q. We now
do this for the division algebras.

Proposition 3.6. Let D be a real division algebra, thought of as a ˚-algebra with the
standard conjugate-transpose involution. Then we have

µ2pDq “
2

δ
´ 1, δ “ dimRD “ 1, 2, or 4. (3.7)

Consequently, for the ˚-algebra pMnpDq, ˚q, we have

µ2pMnpDqq “
1

n

ˆ

2

δ
´ 1

˙

In, (3.8)

where In is the nˆ n identity matrix.

Proof. We use the relation (3.3) to compute the second moments in (3.7). When D “ R,
the trivial multiplicative subgroup G “ t1u is compact, contained in the unitary group,
and generates the algebra D over R, so we have

µ2pRq “ µ2pGq “ 1 “
2

dimRR
´ 1.

When D “ C, we can take G to be the group t˘1,˘iu fourth roots of 1. Then we have

µ2pCq “
1

4

`

12 ` p´1q2 ` i2 ` p´iq2
˘

“
1

4
p1` 1` p´1q ` p´1qq “ 0 “

2

dimRC
´ 1

verifying the assertion.
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When D “ H, the 8 element “quaternion group” G “ t˘1,˘i,˘j,˘ku is compact and
spans H over R. We therefore have

µ2pHq “
1

8

`

12 ` p´1q2 ` i2 ` p´iq2 ` j2 ` p´jq2 ` k2 ` p´kq2
˘

“
1

8
p1` 1´ 1´ 1´ 1´ 1´ 1´ 1q “ ´

1

2
“

2

dimRH
´ 1,

verifying (3.7) in all cases. The formula (3.8) now follows using Proposition 3.5. �

3.4. End of proof of Theorems 1.1 and 1.2. We have now assembled all the ingredients
to prove these two results, which we will prove simultaneously. As in Theorem 1.1, let
pA, ˚q be a polarizable ˚-algebra, and let G Ă ΓpA, ˚q be a polarizing subgroup, and let
Q, q and X also have the same meaning as in the statement of that theorem. By hypothesis
(1.6) we have, using the computation (3.5), that for x, y P X we have:

ż

G
qpx` gyqgdg “ Qpx, yq ¨ p1A ` µ2pAqq, (3.9)

so to complete the proof of Theorem 1.1 we need to show that the element

1A ` µ2pAq (3.10)

of A is a unit of the ring A, i.e., it is invertible, and its inverse is the polarization constant
κ of the algebra pA, ˚q, i.e.

κ “ κpA, ˚q “ p1A ` µ2pAqq
´1. (3.11)

By Proposition 2.5, the ˚-isomorphism φ of (1.11) exists if pA, ˚q is polarizable, and by
Proposition 2.7 if φ exists, then pA, ˚q is polarizable. To complete the proof of Theorem 1.2,
we need to show that the multiplicative inverse of the element (3.10) is given by the formula
(1.12).

Thanks to the invariance of the problem under ˚-isomorphisms, it is clear that we only
need to consider the case where pA, ˚q is already a ˚-direct sum of the matrix algebras
pMnpDjq, ˚q where the involution is the conjugate-transpose involution, i.e. the map φ of
(1.11) is the identity. In this case the element (3.10) is given by

1A ` µ2pAq “ 1A ` pµ2pMn1pD1qqI1, . . . , µ2pMnN pDN qIN qq
“ pp1` µ2pMn1pD1qqI1, . . . , p1` µ2pMnN pDN qqIN q

“

ˆˆ

1`
1

n1

ˆ

2

δ1
´ 1

˙˙

I1, . . . ,

ˆ

1`
1

nN

ˆ

2

δN
´ 1

˙˙

IN

˙

.

Now since for each j we have δj ď 4 and nj ě 1, therefore

1`
1

nj

ˆ

2

δj
´ 1

˙

ě
1

2
.

It follows that the element (3.10) is invertible, thus competing the proof of Theorem 1.1.
It also follows that its inverse is

p1A ` µ2pAqq
´1 “

ˆ

n1δ1

pn1 ´ 1qδ1 ` 2
In1 , . . . ,

njδj
pnj ´ 1qδj ` 2

Inj , . . . ,
nNδN

pnN ´ 1qδN ` 2
InN

˙

,

completing the proof of Theorem 1.2.
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4. Quadrances and Hermitian forms

4.1. Quadrances arising from Hermitian forms.

Proposition 4.1. If Q is a Hermitian form on a left A-module X, then the diagonal
restriction

q : XÑ A, qpxq “ Qpx, xq, where x P X

is a quadrance, and the generalized parallelogram identity holds: for a compact subgroup
H Ď Aˆ such that

(a) qphxq “ qpxq for all h P H, and
(b) µ1pHq “ 0

hold, we have for x, y P X,

qpxq ` qpyq “

ż

H
qpx` hyqdh. (4.1)

Notice that any real ˚-algebra always has a subgroup H of Aˆ that satisfies the hy-
potheses of the above proposition. This is the two element subgroup H “ t˘1Au for which
(4.1) becomes the classical parallelogram identity (1.15) which reduces to (1.13) for inner
product spaces over C.

Proof. For x P X, α P A we have Qpx, xq˚ “ Qpx, xq, i.e. qpxq˚ “ qpxq, and Qpαx, αxq “
αQpx, xqα˚, i.e. qpαxq “ αqpxqα˚, thus verifying the first two conditions in the definition
of a quadrance (Definition 1.3 above). For x, y, P X, λ P R “ R ¨ 1A, α P A, we have

qpλx` αyq “ Qpλx` αy, λx` αyq

“ Qpλx, λxq “ Qpλx, αyq `Qpαy, λxq `Qpαy, αyq

“ λ2qpxq ` λQpx, yqα˚ ` αQpy, xqλ` αqpyqα˚.

Since multiplication in A is continuous, it follows that the mapping (1.14) is continuous.
This shows that q is a quadrance.

For x, y P X a computation yields (4.1):
ż

H
qpx` hyqdh “

ż

H
Qpx` hy, x` hyqdh

“

ż

H
qpxqdh`

ż

H
qphyqdh`

ż

H
Qpx, hyqdh`

ż

H
Qphy, xqdh

“

ż

H
qpxqdh`

ż

H
qpyqdh`Qpx, yq

ż

H
h˚dh`

ˆ
ż

H
hdh

˙

Qpy, xq

“ qpxq ` qpyq,

where

ż

H
h˚dh “

ˆ
ż

H
hdh

˙˚

“ 0 by R-linearity of ˚.

�

Remark: It would be very interesting to know if the classical parallelogram identity
(1.15) can be replaced in Theorem 1.3 by a generalized parallelogram identity with respect
to some other compact group H Ă Aˆ.
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4.2. Polarization of quadrances and proof of Theorem 1.3. The proof of Theo-
rem 1.3 consists of applying the operation on the right hand side of (1.8) to the given
quadrance, and showing that the resulting function is a Hermitian form. The following is
the first step in the argument:

Proposition 4.2. Let pA, ˚q be a polarizable ˚-algebra and let X be a left A-module. Let
q : X Ñ A be a quadrance on X and let G Ă ΓpAq be a polarizing subgroup. Define
QG : Xˆ XÑ A by

QGpx, yq “ κ ¨

ż

G
qpx` gyqgdg, (4.2)

where κ is the polarization constant of pA, ˚q. Then QG satisfies the following properties,
for all x, y P X :

(a) QGpx, xq “ qpxq.
(b) QGpx, yq

˚ “ QGpy, xq.
(c) QGphx, yq “ hQGpx, yq for all h P G.
(d) QGpx, 0q “ 0.

Proof. (a) We compute

QGpx, xq “ κ ¨

ż

G
qpp1` gqxqgdg “ κ ¨

ż

G
p1` gqqpxqp1` gq˚gdg

“ κ ¨

ˆ

qpxq

ż

G
gdg ` qpxq

ż

G
dg `

ż

G
gqpxqgdg `

ˆ
ż

G
gdg

˙

qpxq

˙

“ κ ¨ pqpxq ` qpxq˚µ2pAqq “ κ ¨ p1A ` µ2pAqqqpxq “ qpxq,

using the facts that qpxq˚ “ qpxq and µ1pGq “ 0,
(b) We see from the formula (1.12) that the polarization constant κ satisfies κ˚ “ κ

and lies in the center of A. Therefore we can compute:

QGpx, yq
˚ “ κ ¨

ż

G
pqpx` gyqgq˚dg “ κ ¨

ż

G
g˚qpx` gyqdg

“ κ ¨

ż

G
qpg˚x` yqg˚dg “ κ ¨

ż

G
qpgx` yqgdg

“ QGpy, xq.

(c) This follows by an application of Haar invariance, and the properties of κ used in
the previous part:

QGphx, yq “ κ ¨

ż

G
qphx` gyqgdg “ κ ¨

ż

G
hqpx` h˚gyqh˚gdg

“ κ ¨ h

ż

G
qpx` h˚gyqh˚gdg “ hκ ¨

ż

G
qpx` gyqgdg

“ hQGpx, yq.

(d) We have: QGpx, 0q “ κ ¨

ż

G
qpxqgdg “ 0.

�

Proof of Theorem 1.3. Let G be a polarizing subgroup of ΓpA, ˚q (for example, we could
take G to be ΓpA, ˚q itself). Define the map QG : XˆXÑ A by the formula (4.2). We will
prove that QG is a Hermitian form on X; by part (a) of Proposition 4.2, the result would
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follow if we can also show uniqueness: if Q is a Hermitian form such that Qpx, xq “ qpxq,
then we have Q “ QG. But by the polarization identity 1.8 of Theorem 1.1 we have for
x, y P X that

Qpx, yq “ κ ¨

ż

G
qpx` gyqgdg “ QGpx, yq.

Thanks to the properties of Q already established in Proposition 4.2, it is enough to
show that QG is A-linear in the first argument. For any x, y P X we have

QGp2x, yq “ κ ¨

ż

G
qpx` x` gyqgdg

“ κ ¨

ż

G
p2pqpxq ` qpx` gyqq ´ qpgyqqgdg

“ κ ¨

ˆ

2

ż

G
qpxqgdg ` 2

ż

G
qpx` gyqgdg ´

ż

G
gqpyqdg

˙

“ 2κ ¨

ż

G
qpx` gyqgdg

“ 2QGpx, yq,

where we have used the parallelogram identity (1.15) to get the second equality. Using
part (b) of Proposition 4.2 we have:

QGpx, 2yq “ QGp2y, xq
˚ “ 2QGpy, xq

˚ “ 2QGpx, yq. (4.3)

Now, for x, y, z P X we have using the classical parallelogram identity (1.15) that

QGpx, zq `QGpy, zq “ κ ¨

ż

G
pqpx` gzq ` qpy ` gzqqgdg

“ κ ¨

ż

G

1

2
pqpx` y ` 2gzq ` qpx´ yqqgdg

“
1

2
κ ¨

ż

G
qpx` y ` gp2zqqgdg `

1

2
κ ¨ qpx´ yq ¨

ż

G
gdg

“
1

2
QGpx` y, 2zq,

and so, by (4.3), it follows that QGpx, zq ` QGpy, zq “ QGpx ` y, zq for all x, y, z P X.
From this we deduce easily that QGp¨, zq is Q-homogeneous, i.e. for λ P Q we have

Qpλx, yq “ λQpx, yq. (4.4)

To extend (4.4) to the situation when λ P R, fix x, y P X and λ P R and let tλnu be a
sequence in Q converging to λ. LettFnu is the sequence of A-valued functions on G given
by Fnpgq “ qpλnx ` gyqg. Since the A-valued function pξ, gq ÞÑ qpξx ` gyqg is uniformly
continuous on the compact space rλ´ 1, λ` 1s ˆG, it follows that Fn Ñ F uniformly on
G where F pgq “ qpλx` gyqg. Therefore

λQGpx, yq “ lim
nÑ8

λnQGpx, yq “ lim
nÑ8

QGpλnx, yq “ κ ¨ lim
nÑ8

ż

G
qpλnx` gyqgdg

“ κ ¨

ż

G
qpλx` gyqgdg by uniform convergence

“ QGpλx, yq.
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Finally, letting α “
řm
i“1 λigi P A for some λ1, . . . , λm P R and g1, . . . , gm P G we have

QGpαx, yq “ QGp
m
ÿ

i“1

λjgjx, yq “
m
ÿ

i“1

λigiQGpx, yq “ αQGpx, yq

completing the proof that QG is a Hermitian form. We have already proved uniqueness
above. �

5. Some Examples

5.1. The three real division algebras. We illustrate Theorems 1.1 and 1.2 by classi-
fying all the polarizing subgroups of R,C and H, and therefore obtaining all polarization
formulas for Hermitian forms defined on vector spaces over these scalars. By (3.7), the
polarization constants of the algebras (made into ˚-algebras with the usual conjugation
operations), are

κpDq “ p1` µ2pDqq´1
“

ˆ

1`

ˆ

2

dimRpDq
´ 1

˙˙´1

“
1

2
dimRD “

$

’

&

’

%

1
2 if D “ R
1 if D “ C
2 if D “ H.

(5.1)

5.1.1. The real numbers. In this case the unitary group is ΓpR, idq “ tx P R : x2 “

1u “ t˘1u. Therefore the only polarizing subgroups of the reals is the group t˘1u. The
polarization formula for a Hermitian form Q on a real vector space is (which in this
situation is simply a bilinear form):

Qpx, yq “ κ

ż

t˘1u
qpx` gyqgdg “

1

2

ˆ

1

2
¨ qpx` yq `

1

2
¨ qpx´ yq ¨ p´1q

˙

“
1

4
pqpx` yq ´ qpx´ yqq .

Of course, at the bottom, after diagonalizing the bilinear form, this is nothing but the
identity xy “ 1

4

`

px` yq2 ´ px´ yq2
˘

for real numbers.

5.1.2. Locus classicus: complex numbers. For pC, conjq, the unitary group is ΓpC, conjq “
tz P C : |z| “ 1u “ Up1q. Any compact subgroup of this one dimensional Lie group is
either a finite subgroup, or the whole of Up1q. It is easy to see that a finite subgroup of
Up1q is a cyclic group GN “ tω

j : 0 ď j ď N ´ 1u generated by the primitive N -th root
of unity ω “ exp

`

2πi
N

˘

. Notice that spanRGN “ C if and only if N ě 3. It is clear also
that spanRUp1q “ C, and thanks to part (b) of Proposition 3.2, condition (1.6) holds for
both GN and Up1q. It follows that any polarizing subgroup of C is either Up1q or GN for
N ě 3.

For the group GN , we obtain the “N -th root polarization identity” ([You88, p. 12,
Problem 1.10] or [D’A02, pp. 53–54])

Qpx, yq “
1

N

N´1
ÿ

k“0

qpx` ωkyqωk, ω “ e
2πi
N , where N ě 3, (5.2)

of which (1.1) is the special case for N “ 4 and Q “ x¨, ¨y. For the polarizing group
G “ Up1q we obtain the “integral polarization identity”

Qpx, yq “
1

2π

ż 2π

0
qpx` eiθyqeiθdθ, (5.3)



POLARIZATION IDENTITIES 25

which can also be obtained from (5.2) as the limit when N Ñ8, by interpreting its right
hand side as a Riemann sum of the integral on the right hand side of (5.3). Notice that
this passage to the limit is possible only because in the generalized polarization identity
(1.8), the constant κ depends only on the algebra of scalars A and not on the polarizing
group G.

5.1.3. The quaternions. Just as with the complex numbers, there is an abundant supply
of polarizing subgroups in the quaternions:

Proposition 5.1. A subgroup of Hˆ is polarizing if and only if it is compact and non-
abelian.

Proof. Let G be a compact subgroup of Hˆ. The map Hˆ Ñ R` given by x ÞÑ }x} is
a continuous homomorphism of the group of nonzero quaternions under multiplication
to the group of positive real numbers under multiplication, and therefore the image of a
compact subgroup G of Hzt0u is a compact subgroup of R`, i.e., t1u, so that G Ă Spp1q.

Now suppose that G is polarizing in H, so in particular G generates H. Since H is not
commutative, it follows that G must be nonabelian.

For the converse assume that G is nonabelian, and let B be the subalgebra of H gener-
ated by the group G. Then B (with the involution induced from H) is noncommutative
and polarizable, since it is generated by a compact nonabelian subgroup G Ă ΓpB, conjq of
unitary elements (see Proposition 2.4 ). Then by Theorem 1.2, the algebra B is isomorphic

to
ÀN

j“1Mnj pDjq for some real division algebras Dj and positive integers nj . Therefore, if

δj “ dimRpDjq P t1, 2, 4u we will have 1 ď
řN
j“1 δjn

2
j ď 3. It follows that B is isomorphic

as an algebra to one of
R,R‘ R,C,R‘ R‘ R,R‘ C,

each of which is commutative. Since H is not commutative, this shows that B “ H.
Since H, being a division ring, is simple, the condition (1.6) now follows from part (b) of
Proposition 3.2.

�

Therefore the task of classifying all polarizing subgroups of the quaternions (and there-
fore finding all quaternionic polarization identities) is reduced to the classification of closed
nonabelian subgroups of Spp1q. Notice that if G is a polarizing subgroup in a noncom-
mutative polarizable algebra pA, ˚q, then any subgroup H of the unitary group which is
conjugate to G (i.e., there is a γ P ΓpA, ˚q such that H “ γGγ´1) is clearly also polarizing.
Therefore it will be sufficient to classify polarizing subgroups up to conjugacy.

Proposition 5.2. A subgroup of ΓpH, conjq “ Spp1q is polarizing if and only if it is one
of the following:

(1) The full group Spp1q.
(2) A subgroup conjugate to the group

tcos θ ` i sin θ : 0 ď θ ď 2πu Y tj cosφ` k sinφ : 0 ď φ ď 2πu, (5.4)

a Lie group isomorphic to Op2q.
(3) A finite subgroup of H conjugate to one of the groups in the following table, where

ω “
1

2
p´1` i` j ` kq ,

and the last row corresponds to an infinity of groups, one for each integer n ě 2.
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Traditional name Order Generators

Binary tetrahedral (2A4) 24 xω, iy

Binary octahedral (2S4) 48
A

ω, 1?
2
pj ` kq

E

Binary icosahedral (2A5) 120
A

ω, 1
2 i`

?
5´1
4 j `

?
5`1
4 k

E

Binary dihedral (2D2n) 4n
@

cos
`

π
n

˘

` sin
`

π
n

˘

i, j
D

(n ě 2 an integer)

Proof. The simply connected Lie group Spp1q is geometrically the three dimensional sphere
S3 in R4 and is isomorphic to SUp2q. Its Lie algebra L can therefore be identified with the
tangent space to S3 at p1, 0, 0, 0q and therefore to the space of purely vector quaternions
R3 “ tx1i` x2j ` x3k : x1, x2, x3 P Ru. The Lie bracket on L is

rX,Y s “ XY ´ Y X “ p´xX,Y y `X ˆ Y q ´ p´xY,Xy ` Y ˆXq “ 2pX ˆ Y q,

where ˆ denotes the cross product on R3 and x¨, ¨y is the inner product. This Lie algebra
L cannot have a subalgebra of dimension 2, since as soon as we have in the subalgebra
two linearly independent vectors u, v, their Lie bracket 2puˆ vq is another vector linearly
independent of u and v. Therefore a polarizing subgroup G of Spp1q can be of dimension
3, 1 or 0 (i.e. finite). The only Lie subalgebra of L of dimension 3 is L itself, and the
corresponding subgroup of Spp1q is Spp1q, which is polarizing as the unitary group of H.

Now let G be a polarizing subgroup of Spp1q of dimension 1, and let G0 be its identity
component. Then there is a purely vector quaternion u P L with }u} “ 1 such that
G0 “ texppθuq : θ P Ru. Since u2 “ ´1, it follows that exppθuq “ cos θ ` psin θqu.
Since G0 is abelian, G ­“ G0. Let z P GzG0, so that, since G0 is a normal subgroup
of G we have zG0z´1 “ G0. Therefore for each θ P R there is a φ P R such that
z exppθuqz´1 “ exppφuq. By looking at the scalar and vector parts, we see that cos θ “
cosφ and psin θqzuz´1 “ psinφqu. The first equation gives θ “ ˘φmod 2π, which when
substituted into the second gives zuz´1 “ ˘u. Recall that for a unit quaternion z P Spp1q,
the map R3 “ ImH Q w ÞÑ zwz´1 is a rotation of R3 whose axis is spanned by the vector
part Im z P R3 of z. Therefore, if zuz´1 “ u, then z “ cosα ` psinαqu for some α P R,
which means that z P G0 which contradicts z R G0. Therefore we must have zuz´1 “ ´u.
This means that the rotation w ÞÑ zwz´1 of R3 has for axis a unit vector v P R3 orthogonal

to u and has angle of rotation π, so that z “ cos
´π

2

¯

` sin
´π

2

¯

v “ v. Therefore each

element of GzG0 is a unit vector of ImpHq orthogonal to u. If v P GzG0, notice that
each element of the coset G0v “ tpcos θq v ` psin θquv : θ P Ru is a unit vector of ImpHq
orthogonal to u, therefore

G “ tcos θ ` psin θqu : 0 ď θ ď 2πu Y tpcosφq v ` psinφquv : 0 ď φ ď 2πu.

There is an element A P SOp3q which maps the ordered basis tu, v, uv “ u ˆ vu into the
standard basis ti, j, ku. Thanks to the double covering Spp1q Ñ SOp3q then there is an
γ P Spp1q such that for each w P R3 “ ImpHq we have Aw “ γwγ´1. It follows that
γGγ´1 is the group of (5.4).

Finite multiplicative subgroups of Hˆ can be classified up to conjugacy by using the
double cover Spp1q Ñ SOp3q and then using the well-known classical classification of the
finite subgroups of rotations of three dimensional space (see, e.g., [CS03, p. 33]). Using
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this classification one obtains the complete list of nonabelian finite subgroups of Hˆ in
the table above, and therefore of finite polarizing subgroups of H:

�

Remarks:

(1) A special case of the quaternionic polarization formula was obtained in the unpub-
lished PhD thesis [Jam70, Theorem 5, p. 75]. This corresponds to the group 2D4 in the
last row of the table, which is the 8 element “quaternion group” xi, jy “ t˘1,˘i,˘j,˘ku.
and a positive definite inner product on a quaternionic vector space. This formula over
the quaternion group is also contained in [GR93], which proves an analogous formula for
Clifford numbers.

(2) The finite groups above are closely connected with regular polyhedra and other
highly symmetric solids in R3, just as the complex polarization formula (5.2) is associated
to a regular N -gon, and the integral version (5.3) is associated to the circle. Recall that
there is a covering map of two sheets Φ : Spp1q Ñ SOp3q given by Φpzqpxq “ zxz´1 for
x P R3 identified with the purely vector quaternions. Under this map, each of the polarizing
groups above is mapped to a subgroup of SOp3q which is the rotational symmetry group
of a well-known three dimensional figure. For Spp1q, we get SOp3q, which is the symmetry
group of the unit sphere S2 Ă R3. The group (5.4) maps under Φ to the symmetry group
of a cylinder. The finite groups in the table map under Φ to the symmetry groups of
the Platonic solids (as recognized in the traditional names of these groups.) On the other
hand, the convex hull in H of the groups 2A4 and 2A5 are themselves 4 dimensional regular
polytopes called a 24-cell and 120-cell respectively.

As a consequence of the classification of polarizing subgroups of the division algebras
we have the following:

Proposition 5.3. Let pA, ˚q be a polarizable algebra. Then there is a finite polarizing
subgroup G Ă ΓpA, ˚q.

Proof. By Theorem 1.2, it suffices to show that the ˚-direct sum
ÀN

j pMnj pDjq, ˚q admits a

finite polarizing subgroup. For this we need to show that each matrix algebra pMnj pDjq, ˚q
has a polarizing subgroup Gj which is finite, since then the product G1ˆ¨ ¨ ¨ˆGN is clearly

a polarizing subgroup of the direct sum
ÀN

j pMnj pDjq, ˚q . Now we saw above that each

of the division algebras R,C,H has a finite polarizing subgroup (and infinitely many of
them for C and H.) It now follows by Proposition 2.6 that whenever D has a finite
polarizing subgroup G, the matrix algebra MnpDq has a finite polarizing subgroup ∆GH
of cardinality |G|n |H|. Therefore each pMnj pDjq, ˚q has a finite polarizing subgroup and
the result follows. �

5.2. Group algebras. Let G be a finite group, and let A “ RrGs be its real group
algebra. Recall that this consists of formal linear combinations

ř

gPG agg, where ag P R,
with the natural R-linear structure and a bilinear, associative multiplication induced by
the multiplication operation of the group G. We can define an involution ˚ on A by the
R-linear extension of the inversion operation on the group G:

˜

ÿ

gPG

agg

¸˚

“

˜

ÿ

gPG

agg
´1

¸

,
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which is an involution since pghq˚ “ pghq´1 “ h´1g´1 “ h˚g˚. The identity 1A of the
algebra A is clearly 1 ¨ eG, where eG is the identity element of the group G.

Identifying g P G with the element 1 ¨ g P RrGs we see that G Ă ΓpRrGs, ˚q, since for
g P G, we have gg˚ “ gg´1 “ eG. It follows that G is a compact subgroup of the unitary
group of RrGs which generates it as an algebra, and consequently RrGs is polarizable,
thanks to Proposition 2.4. The group

tp˘1qg : g P Gu Ă ΓpRrGs, ˚q
isomorphic to Z2ˆG contains´1¨eg, hence is a polarizing group in RrGs by Proposition 3.2.
Theorem 1.2 in this case reduces to the classical Maschke’s theorem (semisimplicity of the
group algebra). The polarization constant of RrGs can be computed in terms of the
representation theory of the group G. We introduce the following notation:

‚ IrrpGq is the set of irreducible complex characters of G,
‚ degχ “ χpeGq is the degree of χ P IrrpGq, i.e. the dimension of the vector space

on which the representation affording χ is defined, and
‚ for χ P IrrpGq, spχq denotes the Frobenius-Schur indicator of χ. Recall that this is

respectively 1, 0 or ´1 according to whether the representation affording χ is real,
complex or quternionic.

Proposition 5.4. Then

κpRrGs, ˚q “
1

|G|

ÿ

gPG

¨

˝

ÿ

χPIrrpGq

pdegχq2 ¨ χpgq

degχ` spχq

˛

‚¨ g. (5.5)

Notice that if χ P IrrpGq is afforded by a quaternionic representation, we must have
degχ ě 2. Therefore in all cases we have degχ ` spχq ě 1. It is also not difficult to see
that the coefficient of each g P G in the sum on the right hand side of (5.5) is real valued.

Proof. Let
r2pgq “

ˇ

ˇtx P G : x2 “ gu
ˇ

ˇ

be the number of square roots of the element g in the group G. Then with respect to the
inner product pφ, ψq “ 1

|G|

ř

gPG φpgqψpgq on the space of complex-valued functions on G,

we have for χ P IrrpGq

pr2, χq “
1

|G|

ÿ

gPG

r2pgqχpgq “
1

|G|

ÿ

gPG

χpg2q “ spχq “ spχq,

where we use the representation spχq “ 1
|G|

ř

gPG χpg
2q and the fact that s is real valued.

Since r2 : G Ñ C is a class function, which corresponds to the fact (Proposition 3.1)
that µ2pGq is in the center of RrGs, and since IrrpGq is an orthonormal basis of the class
functions with respect to the inner product p¨, ¨q defined above, we can write

r2 “
ÿ

χPIrrpGq

pr2, χqχ “
ÿ

χPIrrpGq

spχqχ. (5.6)

Since G is a compact (even finite) subgroup of the algebra A “ RrGs generating it as an
algebra, the second moment of A can be computed using (3.3):

µ2pRrGsq “ µ2pGq “
1

|G|

ÿ

gPG

g2 “
1

|G|

ÿ

gPG

r2pgqg,
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“
1

|G|

ÿ

gPG

r2pg
´1qg, since r2pgq “ r2pg

´1q

“
1

|G|

ÿ

gPG

¨

˝

ÿ

χPIrrpGq

spχqχpg´1q

˛

‚g using (5.6).

“
ÿ

χPIrrpGq

spχq

degχ
¨ εχ,

where for χ P IrrpGq, we set

εχ “
degχ

|G|

ÿ

gPG

χpg´1qg. (5.7)

It is known (see [Isa76, Chapter 2]) that the collection of elements tεχ : χ P IrrpGqu Ă RrGs
form a complete set of primitive orthogonal idempotents in the commutative ring ZpRrGsq,
the center of RrGs, i.e. they satisfy

ε2χ “ εχ, εχελ “ 0 for χ, λ P IrrpGq, χ ­“ λ, and
ÿ

χPIrrpGq

εχ “ 1RrGs.

Therefore by (3.11) we have

κpRrGs, ˚q “
`

1RrGs ` µ2pGq
˘´1

“

¨

˝

ÿ

χPIrrpGq

εχ `
ÿ

χPIrrpGq

spχq

degχ
¨ εχ

˛

‚

´1

“

¨

˝

ÿ

χPIrrpGq

ˆ

1`
spχq

degχ

˙

εχ

˛

‚

´1

“
ÿ

χPIrrpGq

degχ

degχ` spχq
¨ εχ.

Substituting εχ from (5.7) leads to the formula (5.5). �

5.3. Clifford algebras. For nonnegative integers p, q, let Cp,q be the real Clifford algebra
of signature pp, qq (see [LM89]). Recall that this is a ˚-algebra over R of dimension 2p`q

generated by the p` q elements tei : 1 ď i ď p` qu satisfying the relations

e2
i “ 1 for 1 ď i ď p, e2

j “ ´1 for p ď j ď p` q, eiej “ ´ejei for i ­“ j.

The involution of Cp,q is determined by e˚i “ ei, 1 ď i ď p and e˚i “ ´ei, p` 1 ď i ď p` q.
If for I “ ti1 ă ¨ ¨ ¨ ă iru Ď t1, . . . , p` qu we set

eI “ ei1ei2 . . . eir

then e˚I “ e˚ire
˚
ir´1

. . . e˚i1 . It is easy to see that

Gp,q “ t˘eI : I “ ti1 ă ¨ ¨ ¨ ă iru Ď t1, . . . , p` quu

is a finite subgroup of ΓpCp,q, ˚q which generates Cp,q. Therefore by part 3 of Proposi-
tion 2.4 the algebra Cp,q is polarizable. We now find its polarization constant.
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Proposition 5.5. κpCp,qq “
1

1` 2´
p`q´1

2 cos
´

p´q´1
4 π

¯

Proof. Suppose that I “ ti1 ă ¨ ¨ ¨ ă iku Ď t1, . . . , p` qu, so that |I| “ k. Assume that
|I X t1, . . . , pu| “ `. Then

e2
I “ ei1 ¨ ¨ ¨ ei`ei``1

¨ ¨ ¨ eik ¨ ei1 ¨ ¨ ¨ ei`ei``1
¨ ¨ ¨ eik

“ p´1qk´1 ¨ ¨ ¨ p´1q1e2
i1 ¨ ¨ ¨ e

2
i`
e2
i``1

¨ ¨ ¨ e2
ik

“ p´1q
kpk´1q

2 p´1qk´`

“ p´1q
kpk`1q

2 p´1q`.

For such an I there are

ˆ

p
`

˙

possibilities for I X t1, ¨ ¨ ¨ , pu and

ˆ

q
k ´ `

˙

possibilities for

Izt1, ¨ ¨ ¨ , pu. Hence there are

ˆ

p
`

˙ˆ

q
k ´ `

˙

such I and

µ2pCp,qq “ µ2pGp,qq “
1

2p`q

ÿ

I

e2
I “

1

2p`q

p`q
ÿ

k“0

p´1q
kpk`1q

2

k
ÿ

`“0

ˆ

p
`

˙ˆ

q
k ´ `

˙

p´1q`.

Next observe that p´1q
kpk`1q

2 is periodic in k with period 4. The equality p´1q
kpk`1q

2 “

Repp1` iqikq is easily verified by periodicity. From this we get

µ2pCp,qq “
1

2p`q
Re

˜

p1` iq

p`q
ÿ

k“0

ik
k
ÿ

`“0

ˆ

p
`

˙ˆ

q
k ´ `

˙

p´1q`

¸

“
1

2p`q
Re

˜

p1` iq

˜

p
ÿ

r“0

ˆ

p
r

˙

p´1qrir

¸˜

q
ÿ

s“0

ˆ

q
s

˙

is

¸¸

“
1

2p`q
Re

`

p1´ iqpp1` iqq`1
˘

“
2
p`q`1

2

2p`q
Re

´

e´pπi{4epq`1qπi{4
¯

“
1

2
p`q´1

2

cos

ˆ

p´ q ´ 1

4
π

˙

.

The result follows by (3.11). �

For the algebras C0,q, the polarization identity corresponding to the group G0,q was
found in [GR93]. The case q “ 2 (quaternions) was already done in [Jam70].

5.3.1. Matrix algebras. A simple special case of Theorem 1.2 is that that the matrix alge-
bras MnpDq where D “ R,C,H with the conjugate-transpose involution are polarizable,
and the polarization constant is κ “ nδ

pn´1qδ`2In, where δ “ dimRD. Here we note some

further information about polarizing subgroups of MnpRq and MnpCq obtained by using
the classical theorem of Burnside that a subgroup of GLnpCq spans MnpCq over C if and
only if the natural representation of G on Cn by matrix multiplication is irreducible (see
e.g. [Lan02]):
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Proposition 5.6. (1) A compact subgroup G of ΓpMnpRqq “ Opnq is polarizing in
MnpRq if and only if G ­“ tInu and the natural representation of G on Cn is
irreducible.

(2) A compact subgroup G of ΓpMnpCqq “ Upnq is polarizing in MnpCq if and only if
G ­“ tInu, the natural representation of G on Cn is irreducible and iIn P spanRG
where In is the identity in MnpCq.

Proof. Suppose that G is polarizing in MnpRq. Then µ1pGq “ 0 implies that G is non-
trivial. Since G generates MnpRq as a real algebra it follows that G generates MnpCq as
a complex algebra. Thus Burnside’s theorem implies that the natural action of G on Cn
is irreducible.

Conversely, if G acts irreducibly on Cn, then G generates MnpCq as a complex algebra
by Burnside’s theorem. Since the matrices have real entries, G generates MnpRq as a real
algebra. Then by part (b) of Proposition 3.2, µ1pGq “ 0. Therefore G is polarizing in
MnpRq

Now suppose that G is polarizing in MnpCq. Again, µ1pGq “ 0 implies that G is
nontrivial. Since G generates MnpCq as a real algebra, i.e. spanRG “ MnpCq, it follows
that iIn P spanRG. It follows that MnpCq “ spanRG “ spanCG, and so Burnside’s theorem
says that the natural action of G on Cn is irreducible.

Conversely, suppose that G is nontrivial, the natural representation of G on Cn is
irreducible, and iIn P spanRG. Burnside’s theorem yields that G generates MnpCq as a
complex algebra, i.e. spanCG “ MnpCq. But as was noted above, the fact that iIn P
spanRG implies that spanRG “ spanCG “MnpCq. Then again Proposition 3.2 shows that
µ1pGq “ 0. Therefore G is polarizing in MnpCq. �

As a result we have the following:

Proposition 5.7. The group SOpnq (resp. SUpnq) is polarizing in MnpRq (resp. MnpCq)
if and only if n ě 3.

Proof. If n “ 1, 2 it is clear that SOpnq (resp. SUpnq) fails to span the algebra MnpRq
(resp. MnpCq): note that SOp2q (resp. SUp2q) generates an algebra isomorphic to C
(resp. H). Also it is not difficult to show that the natural representation of SOpnq on Cn
is irreducible using Schur’s lemma. The same holds for SUpnq as it contains SOpnq. To
complete the proof we only need to verify that iIn P spanRpSUpnqq for n ě 3.

If n “ 4k for some k ě 1, then in fact iIn P SUpnq. If n “ 4k ` 1 for some k ě 1,
consider the diagonal matrices D` PM4k`1pCq with a 1 in the `-th entry and an i in each
other entry. Each of these is in SUp4k ` 1q and D` ´D

´1
` is the diagonal matix with a 0

in the `-th entry and 2i in each of the other entries. Thus

iI4k`1 “
1

8k

4k`1
ÿ

`“1

pD` ´D
´1
` q P spanRSUp4k ` 1q.

A similar argument can be used to show that iI4k`3 P spanRSUp4k ` 3q for k ě 0 by
considering the diagonal matrices D` P SUp4k ` 3q with a ´1 in the `-th entry and an i
in each other entry. Thus

iI4k`3 “
1

2p4k ` 2q

4k`3
ÿ

`“1

pD` ´D
´1
` q P spanRSUp4k ` 3q.
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For n “ 4k ` 2, k ě 1, a further modification is needed. In this case we consider the
diagonal matrices Dk,` P SUp4k` 2q with a 1 in the k-th and `-th entries and an i in each
other entry for 1 ď k ă ` ď n. Then there are npn´ 1q{2 “ p4k` 2qp4k` 1q{2 summands
Dk,` ´D

´1
k,` , and n´ 1 “ 4k ` 1 of them have a 0 in a given entry and a 2i in each other

entry. Thus

iI4k`2 “
1

4kp4k ` 1q

ÿ

1ďkă`ďn

pDk,` ´D
´1
k,`q P spanRSUp4k ` 2q.

�
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